The Tight-Binding Model General Formulation

Previously, we have treated nearly free electrons subject to a weak periodic potential. The
tight-binding model deals with the opposite limit in which the wave function is close to
that of the atomic wave function, but there is enough overlap of the atomic wave
functions that corrections to the picture of isolated atoms are required. The approximation
is most useful for describing the energy bands that arise from the low-lying core states,
partially filled d-shells of transition metal atoms and for describing the electronic
structure of insulators.

Fig. 6.1 (from A&M) Calculated
electron wave functions for the
levels of atomic sodium, plotted
about two nuclei separated by the
nearest-neighbor  distance  in
metallic sodium, 3.7 A. The solid
curves are ry(r) for the lIs, 2s,
and 3s levels. The dashed curve is
r times the radial wave function
for the 2p levels. Note how the 3s
curves overlap extensively, the 2s
and 2p curves overlap only a
little, and the 1s curves have
essentially no overlap. The scale
on the r-axis is in A.

6.1 General Formulation

Denote the single atom Hamiltonian by H,; and a bound state eigenfunction by w4,
and the corresponding energy eigen value by E,:

Hath = Enl//n- (61)

We suppose that y;(r) is small when r exceeds a distance of the order of the lattice
constant. Further, we denote the full crystal Hamiltonian by H, and suppose that it begins
to differ from H, only in regions far removed from the lattice point where y,(r) is = 0.
Then the atomic wave function, y4(r), will be an excellent approximation to the actual
crystal wave function, y(r). We denote the actual crystal energy eigenvalue problem by:

HyA(r) = ac(r),
To find the corrections, writes H as:
H = H, + AU(T), (6.2)

where AU(r) contains all the corrections required to produce the full periodic potential of
the crystal (see Figure 6.2). Given our assumptions, AU(r) = 0 where y4,(r) is not and vice
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Fig. 6.2 (from A&M)

The lower curve depicts the function AU(r) drawn along a line of atomic sites. When AU(r) is
added 1o a single atomic potential localized at the origin, the full periodie potential U(r) is re-
vovered. The upper curve represents » limes an atomic wave function localized at the origin.
When re(r) is large, AU(r) is small, and vice versa.

versa, and ¢~ E, and y(r) = yy(r). If so, each atomic level y4(r) should lead to N levels
in the periodic potentials, with the corresponding N wave functions being approximately
just wa(r — R), the atomic wave function at each of the N sites R in the lattice. As
discussed before, yA(r) must fulfill the Bloch theorem: y(r + R) = el R y(r). Consider the
following wavefunction:

V(1) = Ze "y (7 - (6.3)

where k takes on the N values in the first Brllloum zone as discussed before. The Bloch
condition is verified for the wave functions (6.3) by noting that

Yir + R) =) ¢“ "y r + R — R
= [Z MR — (R — RJ)]

P - o

= e Ryr).

Let’s adopt a more general form of the wavefunction as follows:
p(F) =Y e 4T -R), (6.5)
R

with #r — R) being a general function to be determined. Because of the requirement that
AU(NHr — R) = 0 except near r = R, we still expect Ar — R) = y4(r — R) or those that
are degenerate with it. It is then natural to seek for ¢(r) that can be expanded in a small
number of localized atomic wave functions:

Hr) = 2n by wa(r). (6.6)
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Recall that the crystal Schrodinger equation is

HuyAr) = (Hay + AU(N) pA(r) = aK)yAT). (6.7)

Now multiply eqn. 6.7 by the atomic wavefunction y;,*(r), integrate over all r, and use
the fact that

J!ﬁm*(r)HaA?/(r} dr = I(Hatwm(r))*w(r) ar = E, me*(r)w(r) dr,  (6.8)

one then obtains

©k) — E,) fwm*(rwm dr = dem*(r) AU(r(r) dr. (6.9)

By substituting Eqns. 6.5 and 6.6 in Eqn. 6.9, separating the R = 0 terms from the R # 0
terms, and using the orthonormality relation of the atomic wave functions,

ie, (6.10)

'[ Yo *EW () dr = O,

one obtains:

(e(K) — Em)bm = —(6(k) — E,)) Y (Z me*(r)z,&,,(r — R)e* R dr) [

n R

+ ¥, ( Jlf/m*(r) AU, (1) dr) b, (6.11)

+3Y (2 flp,,,*(r) AUt — Rje™ dr) b,.

] R=0

The first term on the RHS of Eqn. 6.11 contains integrals of the form

Jdr Yo (W, (r — R). (6.12)

Due to the assumption that the atomic wave functions are localized, the above integral is
<< 1. Similarly, the other two terms on the RHS of Eqn. 6.11 should be << 1 as well. As
a result, the RHS of Eqn. 6.11 and hence (g(K) — E;,,)bm is always small. This is possible if

&ky =~ E,, b, =~ Quniless E,, = E,. (6.13)

where Ej is an atomic energy level. This conclusion allows us to greatly reduce the sum
of Eqn. 6.11 to those states where g(k) = E(, and hence degenerate. If the atomic level
corresponding to Ey is non-degenerate, such as for an s-level, then Eqn. 6.11 reduces to a
single equation giving an explicit expression for the energy of the band arising from this
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s-level. For bands arising from an atomic p-level, which is triply degenerate, Eqn. 6.11
gives a set of three homogeneous equations, whose eigenvalues give the g(K) for the three
p-bands, and whose solutions b(k) give the appropriate linear combinations of the atomic
p-levels making up ¢ at the various K’s in the Brillouin zone. This works similarly for the
five d-bands. If the resultant eigenvalues g(K) turn out to be close to the energy of another
atomic level, one may need to redo the calculation to include the terms involving wave
functions of or degenerate with this other atomic level. This “hybridization” is often
needed in calculating the band structure of transition metals, involving both the s- and d-
levels.

6.2 Bands Arising From a Single Atomic s-Level

We apply the above formulation to the simplest example, i.e., calculation of an s-
band. From the above discussion, all the coefficients b, in Eqn. 6.11 are zero except for
the single atomic s-level of concern. Equation 6.11 becomes:

- p e TR e, a s
CE)-L =-(e@)-E)L, & S i-Roa)

—— Ny —————
+ [N 8w a4 5 SR YD Ak Ry R
— R#o - -
La —YR)
r.;- P ~- == ‘ 7:’21' e :
s (I g, € T RRI) (ECRI-E D) = =[3 - Sl VCRD
This gives the Bloch energy: _
: B + ZpR)*®
E)(k) o ES ST T
1 + Za(R)e
(6.14)

where E; is the energy of the atomic s-level. The coefficients a(R), B and y(R) can be
simplified by:

(1) Making use of some symmetry properties: Since ¢ is an S-level, ¢(r) is real and
depends only on the magnitude r. Furthermore, by the inversion symmetry of the Bravais

lattice, AU(—T) = AU(r), one may show that y( B —~/D>
General Features of Tight-Binding Levels

YC-R)= = [dr ¢ () aut? )¢ cr+r) ( TRy - b
s = [ AT BT AU(-FY E (-F-F)
s =Jdr ¢(PrauidIP(F-R) = V(R).

(2) One may ignore the terms in a in the denominator of Eqn. 6.14 since they are much
smaller than 1. (3) A final simplication comes from assuming that only nearest-neighbor
separations give appreciable overlap integrals. Putting all these together, Eqn. 6.14 may
be simplified to:
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&k)=E, — f— > »R)cosk R, (6.18)

where the sum runs only over those R in the Bravais lattice that connect the origin to its
nearest neighbors.
Let’s apply Eqn. 6.18 to a fcc crystal. The 12 nearest neighbors of the origin are at

R=g(il,il,0], (+1.0, £1), g(o,il,il)- (6.19)

[RE R

Writing k = (ky, Ky, k,), then the 12 values of k - R are
- = d ..
k-R:E(ikiikj), L]=XY;Y,2;Z,X (6.20)

Now AU(r) = AU(X, Y, z) has the full cubic symmetry of the lattice, and is therefore
unchanged by permutation of X, Y, z, or changes in their signs. This, together with the fact
that the s-level wave function ¢(r) depends only on the magnitude of r, implies that y(r)
is the same constant y for all 12 of the vectors in (6.19). With the aid of Eqn. 6.20 and
that

a tka - . E .
cos(k; +k.)— =cos——cos———sin sin ,
) 2

the sum in Eqn. 6.18 gives:

g(k) = E; — f§ — dp(cos Sk.acos Tk a 621)
+ cos Yk cos tk,a + cos gk.a cos 3hea), N
where

P = — jdr d¥(x, v, 2) AU(x, y, 2) Pplx — Ja, ¥y — 34, 2). (6.22)

Eqn. 6.21 reveals a characteristic feature of tight-binding energy bands: The bandwidth is
proportional to the small overlap integral y (see Fig. 6.3). This also means that the tight-
binding bands are always narrow. In the limit of vanishing overlap, the bandwidth also
vanishes, and the band becomes N-fold degenerate, with electrons bearing atomic wave
functions localized to the atoms that are essentially isolated.
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Fig. 6.3 (from A&M) (a)
" Schematic  representation  of
nondegenerate electronic levels in
an atomic potential. (b) The
energy levels for N such atoms in
Bands, iodi 1 d
2o a periodic array, plotted as a
with function of mean inverse
Nwvalues  nteratomic spacing. When the
af k
atoms are far apart (small overlap
integrals) the levels are nearly

Vir} Energy levels
i {Spacing)”

s A degenerate, but when the atoms
— are closer together (larger overlap
N-fold (b} . .
degenienate integrals), the levels broaden into
levels bands.

In the limit of small ka, Eqn. 6.21 reduces to
&k) = E, — B — 12y + vk*a® (6.23)
This is independent of the direction of k. This means that the constant energy surfaces are

spherical in the vicinity of k = 0.

6.3 General Features of the Tight-Binding Levels

1. It is apparent from the above that the bandwidth comes only from v since it is the only
term that varies with K. A general feature of the tight-binding method can in fact be stated
about the relation between the bandwidth and the overlap integrals

7R} = — Jdr $*(r) AU(r)p;(r — R). (6.24)

If the y;; are small, the bandwidth is correspondingly small. As a rule of thumb, when the
energy of a given atomic level decreases (i.e, the binding energy increases) so does the
spatial extent of its wave function. Hence, the low-lying bands in a solid should be very
narrow. As the average band energy increases, the bandwidth gets bigger. In metals the
highest band(s) are very broad, since the spatial ranges of the highest atomic levels are
comparable to a lattice constant. For this latter case, the tight-binding method would be
inapplicable.

2. Although the tight-binding wave function, y(r), in (6.5) is constructed out of localized
atomic levels ¢(r), an electron in a tight-binding level will be found, with equal
probability, in any cell at site R of the crystal, but with an added phase factor e that
changes with R. This leads to a sinosoidal variation in the real or imaginary part of the
wave function. Fig. 6.4 sketches the real (or imaginary) part of a characteristic tight-
binding wave function.
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A further indication that the tight-binding levels have a running wave character comes
from the consideration of the mean velocity of an electron, v(K) = (1/h)( de/0K). As

Fig. 6.4 Characteristic spatial variation of the real (or imaginary) part of the tight-binding

discussed in point no. 1, as long as there is finite amont of overlap between atomic wave
functions in neighboring sites, there will be k-dependence in g(k) whereby v(K) is non-
zero. The smaller the overlap, the smaller v(k) will be, but the motion of the electron
through the crystal is not eliminated. One can view this motion as a quantum-mechanical
tunneling from lattice site to lattice site.

3. In solids that are not monatomic Bravais lattice, the tight-binding approximation is
more complicated. Formally, one can treat the basis as a molecule, whose wave functions
are assumed to be known, and proceed as above, using molecular instead of atomic wave
functions. Alternatively, one can proceed by continuing to construct linear combinations
of atomic levels centered at the Bravais lattice points and at the basis points, generalizing
Eqgn. 6.5 to
() = T e Ragp(r — R) + bpr — d — R)),
. (6.25)
where d is the separation of the two basis atoms.

6.4 Wannier Functions

The solution we wrote down in Eqn. 6.5 for the crystal Hamiltonian in the tight-binding
approximation, is indeed of the general form of the Bloch function:

Vo (F) =24, (F —Re*" (6.26)

where @y(r - R) is known as Wannier functions. The form of Eqn. 6.26 is applicable to all
kinds of bands (not just limited to the tight-binding kind). Clearly, the Wannier function
is given by

4, (F—R) = [dk e ™™y (1), (6.27)
VO

where Vj is the volume of the Brillouin zone. Unlike the tight-binding atomic functions,
the Wannier functions at different sites or with different band indices are orthogonal.
Since the complete set of Bloch functions can be written as linear combintions of the
Wannier functions, the Wannier functions ¢@,(r — R) for all n and R form a complete
orthogonal set. They therefore offer an alternative basis for an exact description of the
independent electron levels in the presence of a crystal potential.
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