PY501 Fall 2026 Problem Set 1: Linear Algebra Due Mon., Sep. 21

Problem Set 1: Linear Algebra

1 Dual Basis (5 points)

Let
=) o=

be a basis for R?, where the column vectors correspond to their components in the standard orthonormal
Cartesian basis, denoted by 2;. Find the basis covectors {¢*!,&*2}, which are dual to {€, >}, written in
terms of the usual dual basis #**, where 2*(%;) = d}.

SOLUTION:
We know that
&"i(;) = o (2)
Write €; = aji:%j, and €*' = fij #*7, where f’; are the components of €*? in the standard basis. By
definition,
&*(€;) = 6; - 3)
But we also have
e (e) = f° f*l(akjfk) = f1 akj(;;c = f% akj g (4)
Therefore,
fikakj = 5; = =% (5)

But as a matrix,

(2 4 o 1(7 -4
a (3 7):>a —2(3 2) (6)
Thus,
é»*l —_ gj*l . 2@*2 5*2 — 7322,*1 + i_*Q ) (7)

2 (SG 10.10) Quotient Theorem (5 points)

Suppose that you have come up with some recipe for generating an array of numbers 7%* in any coordinate
frame, and want to know whether these numbers are the components of a triply contravariant tensor. Suppose
further that you know that, given the components of a;; of an arbitrary doubly covariant tensor, the numbers

T%a), =o' (8)

transforms as the components of a contravariant vector. Show that T%* does indeed transform as a triply
contravariant tensor. (The natural generalization of this result to arbitrary tensor types is known as the
quotient theorem.)
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SOLUTION:
Under a change of basis

U —
ej—Ot

.
;€i, we have

./
. — Ad
Qi = & j

’

aF BQK
Therefore, we have

.. -/ ’ . ’ -/ . ol ’ .
ijk . J k . _ —1\1 m ) ijk J k . )
7% ;" paje = (7)™ = o T ja" pajy =

as a triply covariant tensor, as required.

i i K gk i’
— « iOé ]OL kT aj/k./ :5m

. N ., v ’ .. YN ./ YN
Defining T%7'% = o .o’ jak kT”k, we see that 777 F ajry = v" , and that therefore T/ k" transforms

’ ’

i(ail)im’vm
m’
U =7

(10)

3 Derivatives (10 points)

Consider a scalar function f(z*) defined on R™ (an example would be the gravitational potential defined at

every point in space in R?). We can take derivatives of this function, 8f/dz*.

(a) Show that 0f/Jz" transforms covariantly. This justifies defining

of

ozh

ouf =

with a lower index.

(11)

of

K OV )

of _ of ox

dx'* — dxv dz'H

1)1/

= (a_

This therefore transform covariantly, as required.

SOLUTION: Under a change of basis, z* transforms contravariantly as z'# = a*,x" in the
new basis, or equivalently (a=1)#, 2"V = x#. Using the chain rule, we have

(12)

(b) Define R = \/zFz,, on R™ with a metric g, that is constant across R™ (like the Euclidean or Minkowski
metrics). Evaluate 0, R and 0,0, R. (Hint: ) If this is not straightforward for you, begin by evaluating

O,z and 0,z .

(ngxp) = gupéz = Guv -

SOLUTION:
First, let’s note that
, oz¥ y Oz, O
0" = g =% O = G = G
Then,
1 v v 1% v 1%
OuR ﬁﬁﬂ(m B) = ﬁ(xuﬁﬂx + 2¥0,z,) = @(Iu% +2¥g,) =

1
ﬁ(mu +z,) =
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The second derivative is just a bit more algebra:

8,0,R =0, (%)

9uv Ty
=& el
1
= ﬁ (g,ul/R2 - m,u‘ru) (15)

4 (SG 10.5) Properties of the Levi-Civita Symbol (10 points)

The n-dimensional Levi-Civita symbol is an object €;,;,...;, defined by requiring that €;,;,...;, be antisym-
metric under the swapping of any pair of indices, i.e. €..5...5... = —€...j..;... for any two indices. In addition,

we set €12..., = 1. Note that it is not a tensor, something we will come back to in the lectures.

(a) Show that if any two indices 4; = ¢; for ¢,j € 1,--- ,n, then €,4,...;, = 0.

SOLUTION:
Suppose i; = i;. Then swapping ¢; <+ ¢; picks up a relative minus sign, but the Levi-Civita
symbol remains unchanged. Anything which is the negative of itself must be zero.

(b) Show that €123 = €231 = €312, but that €1234 = —€2341 = €3412 = —€a123.

SOLUTION:

€231 can be obtained from €123 by swapping 1 <> 2 followed by 1 <> 3. Since this is two swaps,
there is no relative sign. Similarly, €315 can be obtained from €123 by swapping 1 ++ 3 followed
by 1+ 2. ThUS, €931 = €312 = €123.

Similarly, to get €341 from €1934, we need to swap 1 <> 2, 2 <> 3, and 3 <> 4. This is three
swaps, and so we get a relative sign of —1. The other relations can be shown similarly.

(c) Write the product €;jx€;j5 as a sum of products of three Kronecker deltas, i.e.

€ijkEil ik = 521 55/ 55/ + 5 other terms, (16)

where you should write out all six terms explicitly.

SOLUTION:

cijueir i = 0L 00 0F + 01 6851 1 oF 6'5] — o7 sV 5] — o1 678k — o o7 oL . (17)

(d) Show that €;jreijxr = 6%,8%, — 67,85

SOLUTION:

€ijk€ijie = OF €tk
-/ k/ k/ -/ k/ -/ -/ ’
— 30701 + 2% 67 — 3% 61 — 267 o
-/ ’ k/ -/
—o7'oF —a¥sf | (18)

as required.
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(e) For dimension n = 4, write out €;;xi€;;/17 as a sum of products of Kronecker deltas similar to the one
in part (c).

SOLUTION:
We can easily see that in general,

eijmen iy = sgn(i'5'k'1)6E 5§I5k'511, + remaining 23 permutations of i’ j'k’l’ (19)

where sgn is positive for even permutations of i'5'k’l’ and negative for odd permutations. But
we can group these permutations as (keeping the )

€ijR1EN 11 :55 (sgn(z",j’k'l’)églélljléll/ + remaining 5 permutations of j'k’l’)
+ 6{ (sgn(j’, i’k’l’)é;l 5¢ 61" + remaining 5 permutations of i’k’l')
+6¥ (sgn(k’,j’i’l’)églégéll/ + remaining 5 permutations of j'i'l’)
+ 55 (sgn(l’,j’k’i’)églél,jléf/ -+ remaining 5 permutations of j’k’i’) (20)
:51?" (55.'/5’,:'5%' + remaining 5 permutations of j’k’l')
+(@ o)+ @ oK)+ =), (21)

Contracting the full expression with 4%, we see that all the terms in the parentheses of the first
four lines will become identical up to an overall sign, since in the second line we have to replace
i/ — 4, the third i — k' and the fourth 7" — I’, but the relative sign is negative for the second
to fourth line, which is obvious from the structure of the sgn term for the first term in the

. o/
n0; =4, we have

parentheses. Thus, keeping in mind that §;

€ijri€ijrr = (4—1—1—1) (6;:/5’,5511' + remaining 5 permutations of j’k/l'>

= 6757 68 + o1 sy +oF sy — st ok o] — ol sk —o¥sieL.  (22)

5 Index Notation 1 (15 points)

Consider the following tensor in Euclidean R3:
Rij = 6ijcosa +nin;(1 — cosa) — e;xn"sina, (23)

where n; is a unit vector. Show that RjiRjk = 55. R;; represents a rotation about the axis defined by 7,
and so therefore must be orthogonal, which is what you’re trying to show!

Let’s just write everything out:
RjiRjk :(5ji5jk cos? o+ (5jmjnk(l — cos ) cosa — 5jiejklnl sin & cos «
+n;ni07% (1 — cos ) cos a + njnnIn®(1 — cos @)? — nynie?*n; sin (1 — cos )
— ejimléjk sin . cos o — ejimlnjnk(l —cosa)sina + ejimlejkpnp sin? o
(24)
Notice that I've been very careful to make sure that the free indices agree on both the left-hand side

and the right-hand side, changing dummy indices to other letters as necessary.
To make progress, first we note that

1 cik ki ikl
€an' 67" = —€;"'ng = —6;;¢""ny (25)
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and so the two terms proportional to sin acos « cancel out. Next, we have
*nining =0, (26)

since €/* is antisymmetric under j < [, but n'n’/ is symmetric. A similar argument holds for

ejimlnj n*. Finally, we note that from the previous problem,

ejunte*Pn, = (5567 — 6707) nlny, = 6F — nin*. (27)
At this point, we therefore have

R RI* = 6F cos? a + 2n;n"(1 — cos @) cos a + nin®(1 — cos @)* + (6F — n;n*)sin® a.

2

= 6% (cos? o + sin? &) + nn* (2 cos a — 2 cos® a + 1 — 2 cos a + cos? a — sin? @)

=k, (28)

6 Index Notation 2 (10 points)

Consider an n x n matrix X with entries X;;, each being an independent variable that can be varied. In
many machine learning applications, it is useful to compute the derivative of various quantities involving the
matrix X with respect to its entries. A giant compendium of such results can be found here. Let’s demystify
some of these results using matrix notation. You can assume that matrices act on vectors in Euclidean space,
and so index position doesn’t matter.

(a) Show that for an n x n invertible matrix X,

0X,y" iyt
=-X_ X . 2
6Xij ki gl ( 9)
(Hint: ) start by considering the derivative of the matrix product X ~*.X.
SOLUTION:
Since X 7' X =TI the identity matrix, the derivative (X ~'X)/0X,; = 0. But by the product
rule, writing X ~' X in index notation, we have
9 0X;" X,
(X Xim] = = X + X
aXij[ kL <M1 ] 3X¢j Im T Ay aXij
0X,;! _
= a)(lil Xim + Xkllfsil(sjm
=0. (30)
Therefore,
0Xyy' -
Xim=—X_"0im. 31
aXij l ki “J ( )
Multiplying both sides by X1, we find
Xy =1 1y -1 X! e
Xim Xk = =X Xk bim = by = — X0 X (32)
aXij ki J aXij ki 7
Relabeling some indices gives
0X" =1l =il
8Tkilj =—Xg le ) (33)
as required.
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(b) For a constant matrix A, show that

0
8Xij

where Tr is the trace, and X A is a matrix multiplication.

SOLUTION:
‘We have

Tr(XA) = X A - (35)

Taking the derivative, we find straightforwardly

0
8Xij

Tr(XA) = 6ik0imAmp = Aji . (36)
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