PY501 Fall 2024 Problem Set 9: Fourier Analysis Due Mon., Nov. 18

Problem Set 9: Fourier Analysis

1 Contour Integration with Branch Cuts (20 points)

Show that
o Vi@ +1) V2
by choosing an appropriate branch cut, and evaluating the integral using:

(a) The contour shown on the left in Fig. 1.

SOLUTION:
First, we should note that for z = re®,

1 1 i
21/2 — ez logz _ ez(lnr+z(9+2nﬂ')) ,nEZ

= rl/2¢80/2¢inm p e 7. (2)

In order to avoid a multivalued function, we have to choose a branch cut for /z. For the first
contour, we choose —m/2 < 0 < 37/2, so that the branch cut lies along the negative imaginary
axis, which allows for the contour to avoid the branch cut. Defining

9(2) = my (3)

Now, the only pole inside the contour as shown is at z = ¢, and so the integral along the contour
is

—p . R -
[R \/E(C(ZQ‘FU+/C~ dzg(z)-l-/ \/5(;2_#1)—# g dzg(z):27rifz{=ezsg(z), (4)

with

1 1 _,
R =——— = _—¢ /4, 5
zfz‘sg(z) V(i +14) 2i° 5)

Now, let’s look at the contour integral over C'r. We have

T iRew ™ Z’\/ﬁeiG/2
/ ng(Z) :/ df 072 > .2:0 :/ di 5220 L 1
Cr o  VRei®/2(R2e29 1 1) Jo  R2e%0 41

so that by the modulus inequality,

4 R 4 R & R
d < d———>— < do < df———, 7
/CR 29(2) _/0 |R%e29 4 1] _/0 VR* +2R2cos26 + 1 _/0 RZ2-1 @

so that
lim / dzg(z)| =0 (8)
R—o0 CR
At the same time, we can also plainly see that
' ' 0 /peif/?
ll)ll}%) deZg(Z):’%L)H% ﬂ_ d@mzo, (9)
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as the integrand simply vanishes as p — 0. Therefore, as we take p = 0 and R — oo, we find

v dx R dx ;
li li = —im/4 1
P30 Rovos (/R Vi@ 1) /,, V(a2 +1)> e (10)

Notice that the first integral contains the square root of a negative number in the denominator.
We can rewrite this as

/—P dv /—P dz _ /R dz (1)
_r V(@2 +1)  J_g iv—z(x2+1) » Vz(z2+1)’
where in the last line we made the change of variables x — —z. Taking the limit, we therefore

find

dx T

) [e’s) dx Cin oo S
0 mEr s = ) wEm e @

as required.

(b) The contour shown on the right in Fig. 1.

SOLUTION:
For this contour, we now choose the branch cut 0 < 6 < 27. There are now two poles inside
the contour, z = +i, and we find that

E{f?g(z) + zfie_sig(z) = \ﬁ(i1+ ) + \/7(1% — = % (e—iw/4 _ e—i37‘r/4) _ % (13)

First, let’s consider the integral over C'r. This has the same result as before, except that the
limits of the integration goes from 0 to 27, but the conclusion remains the same, which is that

lim / dzg(z)=0. (14)
R—o0 Cr

Similarly, the contour integral over C, has the same form as above, just that the limits of the
integration are now 27 to 0.

;1_% .. dzg(z) =0. (15)

That leaves the two straight contour integrals. The one in the positive direction, which lies just
above the branch cut, simply has /z leading to the positive square root. For the one in the
negative direction, however, we have arg(z) = 27 along the contour, and so we should take the
negative square root along that contour. Putting everything together, we find that as p — 0
and R — oo, we have

lim lim / Y, / AT ) o L2 (16)
= 277 * = 7{'7
0 RS\ ), Va@+1) | Jp V@ +1) NGT,

or in other words

™

> dx & dx
2 e = = [ s v )

as required.
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Im(z) Im(z)

CR CR
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Figure 1: Contours for the problem set.

2 The Sawtooth Function (10 points)

Let f(z) be the sawtooth function, defined by f(z) =z for —7 < 2 < 7. Let g(x) = sinx.
(a) Find f, the Fourier coefficients of f(z), by expanding in the basis of exp(inz)/v/27.

SOLUTION:
The Fourier coefficients are given by

~ ™ einw
fn:[ﬂdx \/ﬂx (18)

We can see that fo = 0. For n # 0, we have

f _ Leim w ,i/ﬂ dwemI
" \ar in V27 ), in
oz et 1 e
Vo in _w@{ n? ]_ﬂ

T

= (einﬂ+e—inw)
N2

V2r

= cos(nm)

_ ivar Y 20, (19)

1
n

(b) Prove Parseval’s identity for the Fourier series,

T 00
do |f())> = > [fal®, (20)
and use this to show that
=1 2
= 21
n; == (21)
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SOLUTION:

Cals@ = [ dr Y @) X fatn@
=YY fadn [ dri@nt@)

—T

=Y |fml- (22)
By direct integration, we find
T s 3|7 2 3
/ dz|f(x)|2:/ dra?= 2| =2, (23)
. . 3| 3
On the other hand, we have
o] 2
e a (=™
S 1k = X |ivar
m=—o0 m#0
-> =
- o
m##0 m
= 27
=2) e (24)
m=1
Therefore,
— 1 2z — 1 72
4 — = — —_— = 25
Pt TP S E T )
as required.
3 Poisson Summation Formula (15 points)
Let f: R — C be related to its Fourier transform via the usual inverse Fourier transform,
©dk .z
_ 2otk £y 2
fla) = [ et (26)
(a) Show that the following result, known as the Poisson summation formula, holds:
S fm)= Y Fem). (27)

m=—0oQ n=—oo

SOLUTION:
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We see immediately that

> © dk e s
= Km k

S fm) }m:/w et (k)

:/oo ;lif(k)%:eik’". (28)

However, we know from lecture that

1 2mimz /L __ =
Zm e = Z 0(x —nlL), (29)

— 00 n=—oo

NE

and so setting L = 2w, we have
Z e*® = or Z 0(x — 27n) . (30)
Thus, we see that
00 0o dk ~ 00 00 5
> somy= [ GEFG)-2m > sk-2mm) = 3 femn), (31)

as required.

(b) Use the Poisson summation formula for the function f(x) = exp(—a|z|) for a > 0 to prove the following
identity:

3 (%n?ﬁ — coth(a/2). (32)

n=—oo

SOLUTION:
Let’s begin by finding the Fourier transform of exp(—alz|). We have

€9 . 0 . €9 .
/ dr efzk:wefakv\ _ / dr efzk:wea:v + / dr efzk:wefa:v
—o0 —o0 0

— ood ikx+ —ikx —ax
/0 v (€ 1 ko) ¢

6(ikfa)ac ef(ik:Jra)m € 23
_[ik—a Jr—(ik—i—a)]o (33)
Now, we note that
lim |e(*~9)%| = lim e % =0, (34)
r—r0o0 Tr—r00
and therefore
1 1 2a
—alel = — = . 35
Fe tk+a ik—a a?+k? 9
Therefore, by the Poisson summation formula, we have
—a|m| _ =
2 = L e 0
m=—o00 n=-—oo
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However,

Z e—a\ml—uaze

26_“
1—e @
1+e @
1—e@
e*+1
e —1
= coth(a/2) .

1+

we have

o0

coth(a/2) = Z @)t at’

as required.

Here, I have used the formula > 2 r™ = 1/(1 —r) for |r| < 1. Putting everything together,

(37)

(38)

4 Fourier Transform of a Gaussian (is a Gaussian) (15 points)

In this problem, we will show that the Fourier transform of the Gaussian function f(z) = e—2” ig
= 0 k2
k)=4/— - 39
F = Tew (-1 (39)
which is also a Gaussian.
(a) First, given
_ / dr e—ikxe—ax2 , (40)
show that the derivative of f with respect to k is
gy (41)
2
SOLUTION: _
First, from the definition of f(k), we have
f'(k) = / dz (—iz)e *=eaz" (42)
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we can evaluate this by integrating by parts, which gives

ry - = 67am2 —ikx > s —ikx efamz
(k) = z[ 5 ¢ +[mdx( ik)e =
_ 7/00 ﬁ 7ika:efa12
oo 2a
k-
— - F(®), (13)
as required.
(b) Thus, show that f = Aexp(—k?/4a), and that A = \/7/a.
SOLUTION:
From the previous part, we have
i10 f——£:>10 f———z+C (44)
dk 87 T T 2a 8T T T
for some constant of integration C. In other words,
~ k2
f=Aexp (—4@) , (45)
for another constant of integration A. However, we know that
o= [ dwee [T, (46)
and so we find
~ m k2
= \/;exp <_4a) , (47)
as required.

5 Yukawa Potential (30 points)

Consider the Lagrangian for a massive spin-1 field A, in Minkowski space (using the mostly-minus metric

signature),

1
L=—-

, 1
1 Ew I+ imQAMA“ — A",

where J, is akin to the electromagnetic current.

(48)

(a) Find the equations of motion for A,. Assuming the current is conserved, i.e. 9,J* = 0, use the

equations to find a constraint on A,,.

SOLUTION:
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The equations of motion can be written as

oL ., oL
94,  "9(9,4,)

=0 (49)

First, we’ve done the following calculation already several times:

oL
—_— —F"“/
0(0,4A,) ’ (50)
while
=m-A" — J". 1
oA, m J (51)
Therefore, the equation of motion is
O F* = J¥ —m?AY. (52)

Taking a partial derivative with respect to 9, on both sides, and noting that 9,,0, F'* = 0 since
F* is antisymmetric, and further noting that d,J” = 0, we must therefore have

DA =0. (53)

(b) For J* = (p,j) the 4-current of a stationary point charge +e placed at the origin, show that the
equation of motion for Ag reduces to

e [™ dkk

CAnZir [ k2 4+ m?

A%(r)

eik’l‘ , (54)

where r is the distance from the origin. Hint: This is a static problem, and so we expect all time
derivatives to vanish.

SOLUTION:
The 4-current for a stationary point charge +e is given by J° = e§*(%), and J* = 0. The
equation of motion reads
9 FH0 = J% —m?A°
= ﬁu(a“AO — 9%A%) + m2A° = 53 (2)
= (9,0" + m?)A° = ed3(Z), (55)
where we have made use of the constraint d,A* = 0. In addition, time derivatives should

vanish, and so we can replace 9,,0" = —V?2.
Let the 3D spatial Fourier transform of A° be A°. Then

(=V2 4+ m?)A° = (V2 + m?) / —dSE iR 40
(2m)?
3_‘ e ~
_ / (;lﬂljseik""(kQ—i—mg)Ao. (56)
On the other hand,

Bk in

32\ k-7
ed* (%) = e/ (277)38 . (57)
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Therefore, by the uniqueness of the Fourier transform pairs, we can write

~ Bk e
AO _ € ; AO _ / ik-T )
k2 +m?2 (2m)3 B + m?2 ()

We can now perform the Fourier transform by integrating in spherical coordinates. There is no
dependence on the azimuthal angle ¢, while exp(ik - ) depends on the polar angle, in particular
y = cos . Thus,

e [* dkk* ',
AO _ d ikry
47('2 0 k2 + m2 /_1 ye

- e /oo dk k‘2 eikr _ efikr
T 4m? fy k2 4+ m? ikr

_ € > dkk ikr —ikr
N 47722'7“/0 k2 +m? (c <)

e /°° dkk -

= A e
dmw2ir J_ k2 + m?

where the last line can be verified by swapping £ — —k in the second term.

(c) Evaluate this integral with contour integration to get an explicit form for A%(r). Determine the limit

as m — 0. Explain what physical quantity A° corresponds to.

SOLUTION:
Consider the function

Z 2T
This function has poles at z = +im. Perform the contour integral over C, consisting of 1) a
path along the real line from —R to R and 2) a semicircle Cg in the upper half plane of radius
R, going from R to —R. This contour contains one pole at z = im, with residue

1

tm ei(im)r _ 567"“” ) (61)

R S A
Res 12) = o)
The contour integral over Ck is
T 3 @ Rew iR cosf —Rsin
L dz f(Z) = A d9 'lRe eme I 06 I ® 5 (62)
R

where it should be obvious that the exponential suppression exp(—Rsin#) causes the contour
integral to vanish as R — co. Therefore, we have

< dkk 1
/ 2 rm? 26“” = 2mi - §e_mr =qme” """
m
o0

0 __ € . —mr
= A° = % (ime™™")
e
=—e ™ 63
Amr (63)
This potential form is known as the Yukawa potential.
In the limit that m — 0, we have
A== 64
4y’ (64)

which is the usual electric potential for a positive charge.
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