PY406 Spring 2026 Problem Set 9: Radiation Due Wed., Apr. 15

Problem Set 9: Radiation

1 Magnetic Dipole (10 points)

In class, we discussed the magnetic dipole somewhat briefly. In this problem, you will derive some of the
main results on your own. Feel free to follow the discussion in Griffiths to help you along.
Consider a wire loop of radius b, around which we drive an alternating current

I(t) = Iy coswt, (1)
resulting in an oscillating magnetic dipole
m(t) = 7b’I(t)z. (2)

(a) State the perfect dipole and far-field approximations.

To simplify the radiation fields, we assume the source is small and the observer is far away.
The perfect dipole (small source) approximation assumes the radius b is much smaller than the
distance r and the wavelength A:

b<r, kb<1. (3)

The far-field (radiation zone) approximation focuses on the region where the distance from the
origin is much larger than the wavelength:

kr>>1. (4)

In this regime, we drop terms falling off as 1/r2 or 1/r3 in favor of the 1/r radiation terms.

(b) Determine V (r,0,t) and A(r,6,t) under these approximations, where r is the distance from the origin,
0 is the polar angle with respect to the z-axis, and ¢ is the time.

Since the loop is electrically neutral, the scalar potential is:
V(r,6,t)=0. (5)

For the vector potential, we start from the retarded vector potential for a current loop:

A(r,t) =10 7{ It —le=r/c) (6)

4 |r — 1’|

For a loop in the xy-plane, v’ = b(cos ¢’k + sin¢'y) and dl’ = b(—sin ¢'x + cos @'y )d¢’. We
evaluate at a point r in the xzz-plane (¢ = 0):

b
It — /| = \/r2 + b2 — 2rbsinfcos ¢/ ~ r (1 - sinOcosqS’) (7)
The current term becomes:
b
I(t —|r —1'|/c) = Iqcos [w (t—z—kcsinOcosqS’)} (8)
Expanding this using cos(z + y) = cosz cosy — sinz siny, and noting that wb/c <« 1 (perfect
dipole):
wb . N
I~ I [coswty — [ — sinf cos ¢’ | sin witg (9)
@
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where ¢y =t — r/c. Substituting this and 1/|r — 1’| ~ (1/r)(1 + 2sinfcos¢’) into the integral:
Iob [*7 bsin § cos ¢/ bsin f cos ¢/
A ~ Hof00 / (cos wto + bsinfcos ¢ coswty — wbsin 6 cos ¢’ sin wtg) cos¢p’'dg’y  (10)
drr Jo T c
The coswty term integrates to zero. The remaining terms involve f027r cos? ¢'dg’ = T
Alr,0,1) = Lomosin @ [ coswty B w sin wtg (2) (1)
T v T2 re
In the far-field radiation zone (r > c¢/w):
pomow [(sin@\ | -
A(r,6,1) = — Lo (T) sinfuw(t — /)] (12)
(¢) Determine E(r,6,t) and B(r,6,t).
The electric field is E = —0;A:
0 Homow sinf 5
E(r.0,t) =~ {—lﬂg sinfw(t — r/c)]] ¢ (13)
2 .
Lomow= [ sin 6 R
= o (r) coslw(t —r/c)|o (14)
The magnetic field in the radiation zone is B ~ (¢ x E):
1 25inf A
B(r,6,t) = - [r x (W cos[wtr]> 4 (15)
tomow? [ sin 0 ;
=i " coslw(t —r/c)|@ (16)
(d) Determine S(r,0,t) and the time-averaged total radiated power (P).
The Poynting vector is S = %(E x B):
1 - - EyB
S = —(Eyp x Byf) = ——220% (17)
Mo Ho
2 4 2
pomgw® sin” 6 .
= 167r303 2 cos?[w(t — r/c)]t (18)
Time-averaging over one cycle ((cos?) = 1/2):
2 4 2
_ Hompw” sin 0
(8) = 32m2c3 2 (19)
Integrating over a sphere to find the total power:
2, 4 2T T 02
Homgw sin“ @, o .
P)= [(S)-da= d 6dé 20
(P) /<> a 327T203/0 (b/o 2 (r< sin 0d6) (20)
2,4 pm 2.4
_ Hompw ;3 _ pompw” (4
= 167 /0 sin”0df = 5 (3) (1)
2. 4
_ pompw
- 12ne3 (22)
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2 The Multipole Expansion of Radiation (10 points)

In class, we considered a charge and current distribution as a function of ' confined to a region of size R,
and wanted to determine the electric and magnetic fields at a position 7, with v’ < R < r. We derived
expressions for the scalar and vector potential for an arbitrary charge distribution in the perfect dipole
approximation, given by

Vit o[04 Dopito) +4- bt

" dmegr

A(r,t) ~ %ﬁ@ : (23)

where tyo =t — r, and the total charge @ and dipole p are defined as
Q= /d?’r’p(r’) , p(ty) = /d3r' ' p(r’,to) . (24)

Once again, you should feel free to follow the discussion in Griffiths to complete this question.

(a) Compute E and B in terms of r and p (and time derivatives as necessary), taking the far-field approx-
imation, i.e. discarding all 1/r? terms in these expressions.

We start from the potentials in the far-field approximation. For @ = 0, the radiation terms
(dropping 1/r?) are:

b)),  Ar,t) = L p(t) (25)

Vi(r,t) ~ ~
(r,2) 47y

" Admegr

We find the fields using E = —VV — §;A and B = V x A. For radiation, we assume @ = 0
and discard terms falling off faster than 1/r.
First, the gradient of the scalar potential. Note that Vtyg = —Vr = —r. In the far-field:

1
~ I ¥ A - P 2
VV = e V(E Blt) 2 o [F- Blto)] Vo (26)
1 . .
=~ Blto)E (27)
The time derivative of the vector potential is:
0A Ho ..
= — 2 50t 28
ot 47rrp( ) (28)

Plugging this into the expression for E and using ug = 1/¢o, we get

_ 4% 6o )R — ] = 4% [£ % (& x P(t))] , 29)

For the magnetic field, we use the curl of A:

B=V><A:%(Vtoxf>) (30)
= 2 x B(to)) (31)

(b) Choose a spherical coordinates such that the z-axis is in the direction of p(tg). Determine the Poynting
vector S(r,t), and the total radiated power.
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Let p = pz. In spherical coordinates, & X z = — sin 96{). The fields become:
pop(to)sin b 4
B=——"—— 32
o (32)
S(40) $in 6 -
E=Bxr= Mg (33)
Ay
The Poynting vector is S = ﬁ(E x B):
1 uop(to) sin 6 2 A ~
S=—|————] (0 34
- (=) 6 x4 (3)
polp(to))* sin® 0
_ 35
167272 9

To find the total power, we integrate over a sphere:

2m
polp(to))?sin? 0\ .
P = %S da—/ dgi)/ ( 167r2r2 )r sin 6d6 (36)

(¢) Consider a point charge ¢ with position d(¢). Show that the power radiated by the point charge is

_ pog’a®

6r (39)
where a is the acceleration of the charge. This formula is known as the Larmor formula.
For a point charge ¢ at position d(t), the electric dipole moment is defined as:
p(t) = qd() (40)
Taking the second time derivative, we get:
B(t) = qd(t) = qa (41)

where a is the acceleration of the charge. Substituting this into the total power expression
derived in part (b):

p_ t0(aa)® _ pog’a’

= 42
61 61 (42)

3 Radiation Resistance (10 points)

Consider the electric dipole of length d. We define the radiation resistance of the electric dipole as the
resistance that would give the same average power loss to heat as the oscillating dipole in fact puts out in
the form of radiation.

(a) Show that

R =790 <d>2 Q, (43)
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where A is the wavelength of the emitted radiation.

Consider an oscillating electric dipole p(t) = pg cos(wt)z. For a physical dipole of length d with
current I(t) = I cos(wt), the charge is ¢(t) = [I(t)dt = (Ip/w)sin(wt). The dipole moment
magnitude is:

p(t) = a(t)d = "% sinu) (14)
Pp(t) = —Ipdw sin(wt) (45)

The time-averaged power radiated by an electric dipole (re-inserting ¢ into the result from the
previous problem to get SI units) is:

(P) — MO<[§7(:2)]2> _ uo(llzo;l:u)2 (46)

The average power dissipated by a resistance R is (P) = %IgR. Equating the two:

R =
127c - 6me

1 I2d2 2 d2 2
ing:M Pod”w (47)

Substituting w = 2me/A and poc = /po/€o = 1207 Q:

. uo&(zjr?)?d? _ 27rgoc (i)Z (48)
o~ w (i)z = 807” <‘;>2 (49)
~ 790 <i>2 0 (50)

(b) Suppose you have an ordinary radio with a dipole antenna (say d = 5 cm), should you worry about the
radiative contribution of a dipole antenna to the total resistance?

The wavelength for standard FM radio (~ 100 MHz) is A = ¢/f ~ 3 m. Using FM as an
example:

2
R~ 790 <0305) ~ 0.22Q (51)

This resistance is very small compared to the typical ohmic resistance of the wires or the internal
impedance of the receiver circuitry. Unless the antenna is tuned (where d ~ \/2), the radiative
resistance is generally negligible for receiving antennas.

(¢) What is the radiation resistance for the oscillating magnetic dipole of size d? Express your answer in
terms of A and d.

For a magnetic dipole loop of area A = 7(d/2)?, the moment is m(t) = I(t)A. Using the power
formula derived previously (in SI units):
_ pomdw?  po(lpA)?w?

(P) = 1273 1273 (&%)

Instructor: Hongwan Liu Page 5 of 9



PY406 Spring 2026 Problem Set 9: Radiation Due Wed., Apr. 15

Setting (P) = 212 R,

woA2wt  po(nd?/4)%(2me/ N4

e 6mc? (53)
- ”02”5 (f\l>4 (54)
10
~ 19200 (A)4 0 (56)

Magnetic dipole radiation is suppressed by an additional factor of (d/\)? relative to electric
dipole radiation.

4 Radiation from a Surface Current (15 points)
Suppose the (electrically neutral) yz-plane carries a time-dependent but uniform surface current K (t)z.

(a) Find the electric and magnetic fields at a height = above the plane if a constant current is turned on
at t =0, i.e.

0 t<0
K@) = ’ - 57
®) {KO, t>0. (57)

Since the plane is electrically neutral, V' = 0. The vector potential for the surface current is

K({t—|r—1'])

v —r'|

== R (58)

,

Using polar coordinates on the plane (s', ¢'), where |r — r'| = Va2 + s’? and da’ = s'ds'd¢":

K(t— Va2 + 2
A t) = @ " ad / VER+57) g (59)
x2 4 s/2
:“OZ/ K(t —s)d (60)
where we used the substitution s = v/z2 + s’2. For a step function Ky, the integrand is non-zero

only if t —s >0 = s <t. If t <z, the field hasn’t arrived and A = 0. For ¢t > x:

Az, t) = “OTK()Z /t ds — “°2K° (t — 2)2 (61)

The fields (for t > x) are:
E— —8A — —Hoflo, (62)
B=VxA= 0,45 = “°2K°y (63)

(b) Find the electric and magnetic fields at a height = above the plane if a linearly increasing current is
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turned on at t =0, i.e.

K(t):{o’ b0, (64)

Using the integral derived above for ¢ > z:

At
As,1) = 122 / aft — s)ds (65)
~ t A
0z Lol ooz |, 1, 1,
=" [ts 55 L =" [t 2t (tx 5% ) (66)
= %(t — )% (67)

The fields for ¢ > x are:

(c¢) Show that for arbitrary K (t), the retarded vector potential can be written in the form

A(x,t):'u;i/oooduK(t—x—u). (70)

From part (a), we had
A(z,t) = %/ K(t — s)ds. (71)

Perform a change of variables u = s — a:

A0 =22 [ K et o) (72)
:%z/oooduf{(t—x—u) (73)

(d) Show that the total power radiated per unit area of surface is
Ho
P() = B K (1) (74

where to =t — .

First, we find the fields for an arbitrary K(¢) using the form for A from part (¢) and noting
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d .
that 95X = K':
z [0
E=-0A= J% [ gl —wdu (75)
- / Kty — u)du (76)
0
toZ 00
= - [=K(to — w3 (77)
K
_ _L(to)i (78)
2
Similarly %—Ix{ = —K' and
. poy [0
B=—0,A4,5=-2Y [ Zgit_z—wd
0, ALY > ) or (t— 2z —u)du (79)
= % / K'(to — u)du (80)
0
[0y o0
= BV Kt — ) (81)
K(to) .
_ Ko 2( o)y (82)
The Poynting vector is:
1 1 (oK (to)\” K (to))?
sS— LExB) =L (Mo (to)> & = MolE(t0)]” (83)
Ho Ho 2 4
The plane radiates in both directions (£x) and hence:
K (to)]?
p(t) =2 LIEWIE _ oy 2 (34)

5 The Hydrogen Atom—A Fermi Problem (10 points)

In this problem, we’ll work out why classical electromagnetism is at odds with the stability of the hydrogen
atom, a fact that was one of the key drivers for the development of quantum mechanics.

First, we must begin with an estimate of the size of the hydrogen atom. For those who are not familiar
with quantum mechanics, let me give a brief, intuitive explanation. The electron in the ground state of
the hydrogen atom is bound to the proton in a Coulomb potential. It can be thought of as a cloud of
charge of size r, carrying some typical momentum p. Both the position and momentum of the electron
are described probabilistically, with an uncertainty Ar and Ap comparable to r and p respectively. The
Heisenberg uncertainty principle states that

AxAp 2 h, (85)

setting a lower limit on how precisely we can determine particle’s position and momentum. The ground
state of the hydrogen atom essentially saturates this bound, i.e. rp ~ k.

(a) Using the uncertainty principle, estimate the size of the hydrogen atom.
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The total energy of the electron is the sum of its kinetic and potential energies:

2 2
p e
2m  4dmegr (58)

From the uncertainty principle, we saturate the bound p ~ hA/r. Substituting this into the
energy expression:

h? e?
E(r) ~ - — 87
(r) 2mr?  Amegr (&)
To find the stable ground state (the ”size” of the atom), we minimize F with respect to r:
dFE K2 e? dmegh?
I | = 88
dr mr3  4dmweqr? "B me? (52)

This is the Bohr radius, which is approximately 0.5 x 10~ m (or 0.5 A). This represents the
scale at which quantum effects prevent the electron from collapsing into the nucleus.

(b) Now, forget about quantum mechanics, and imagine a point-like electron at r, with some initial mo-
mentum p in a circular orbit. Using classical electromagnetism, explain why the electron will spiral
inward, and estimate the time taken for this to happen. Should the hydrogen atom be stable?

Classically, an electron in a circular orbit of radius r is constantly accelerating toward the center
with acceleration a = v?/r. According to the Larmor formula derived previously:

2 2
Ho€~a
P=—— 89
6me (89)
Because the electron is constantly radiating energy, its total mechanical energy E = —e?/(8meqr)

must decrease (become more negative). This implies » must decrease, causing the electron to
spiral into the proton.
To estimate the lifetime 7, we note P = —dE/dt. Using a = F/m = €?/(4megmr?):

dE dEdr e2 dr po€? e? ?

=== Z=- S 90

& drdt <87reofr2) dt 6me (47reomr2) (90)
dr poe
—=—— 91
dt 1272 cegm2r? (1)

Rearranging and integrating from r = rp to r = 0:

12 2 2 0
e L cegm r2dr (92)
Ho€ rB
Am2ehec mPrs
7= 7B (93)
Ho e

Plugging in values (m ~ 10730 kg, rg ~ 10719 m, e ~ 10712 C, ¢¢ ~ x107! F/m, po ~
107 T-m/A, ¢ ~ 108 m/s):
1010711108 10769 . 1030 10
T ~ 105 10=76 ~107""s (94)
Classically, the hydrogen atom should collapse in about a ten-billionth of a second. Since matter
is clearly stable, classical electromagnetism fails to describe the atom, necessitating quantum
mechanics.
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