PY406 Spring 2026

Problem Set 4: Electromagnetic Waves 11

Due Wed., Feb. 25

Problem Set 4: Electromagnetic Waves 11

1 Three Media (20 points)

Consider the normal incidence of light traveling in the +z-direction on an interface at z = 0, followed by
another interface at z = d, with three different media in total (label them 1, 2 and 3 in increasing z). Take
all media to be linear and homogeneous, with p; = ps = ps = o, but with different refractive indices nq,

no and ns.

(a) For each medium, decide if there is a wave traveling in the +z-direction, and if there is a wave traveling

in the —z-direction. Write down expressions for the electric and magnetic fields for each of these waves
in the complex exponential form, with complex amplitudes.

SOLUTION:

For an incident wave along +2z in medium 1, there is transmission and reflection at z = 0 and
at z = d, which implies waves traveling along +z in medium 1, 2 and 3, and —2 in medium 1
and 2:
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(b) Using suitable boundary conditions at both z = 0 and z = d, find a relation between the wave

amplitude transmitted into medium 3 with respect to the incident amplitude in medium 1. Show that
the transmission coefficient is given by
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where ks is the wavenumber in medium 2.

SOLUTION:
The boundary conditions at z = 0 are:
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and those at z = d are:
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In order to find the transmission coefficient, we solve the above equations to find Er/E;. From
the first set of equations, we can eliminate Er
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Solving the second set, we can find

Ea= %ETei(ks—kz)d _ %Ewukg—wd (11)
Ep = U32;3U2 ETei(k3+k2)d _ n22;2n3 ETei(k3+k2)d (12)

Using these relations in the above equation:

Er _ (n1 + n2)(n2 +n3)ez‘(k3—k2)d I (n1 —na)(n2 — n3)ei(k3+k2)d (13)
Er 4Aning 4dning
e’ik?g
= (2n1(n1 + n3) cos (kad) + 2i(n1n3 + n3) sin(kad)) (14)
4n1n2

The inverse of the transmission coefficient is given by (note that ¢; = ﬁ)
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Using cos? § = 1 — sin? § and simplifying, we arrive at the required expression for 7

(¢) Suppose now you have an incident wave in medium 3, leading to a transmitted wave in medium 1.
What is the transmission coefficient now? (Hint: make use of the result in the previous part, no need
to reinvent the wheel!).

SOLUTION:

The transmission coefficient for this case can be obtained by swapping n; <> ng in the expression
for the transmission coefficient. The expression in (b) is symmetric to this exchange, which
implies that the transmission coefficient is the same in either direction.

(d) Light from an aquarium goes from water (n = 4/3) through a plane of glass (n = 3/2) into air
(n =1). Assuming a monochromatic plane wave and that it strikes the glass at normal incidence, find
the minimum and maximum transmission coefficients. Will you have any problems looking into the
aquarium?

SOLUTION:
We use the expression in (b) with n; = 1, ny = 3/2 and n3 = 4/3. The minimum and maximum
is simply given by the extrema of sin®(kod), i.e. setting it to 0 or 1.

4n1n3

Thax = —— = 0.98 17
a; (nl +n3)2 ( )
4711713
Wiwitn = o232y 0.93 (18)
(n1 +n3)? + %

Since the transmission coefficients are quite large, you will have no problems looking into the
aquarium.
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2 Oblique Incidence with Orthogonal Polarization (20 points)

In class, we discussed oblique incidence of an electromagnetic wave on an interface (separating linear medium
1 with p1, €1 from linear medium 2 with ps, €3) with polarization parallel to the plane of incidence. We'll
now go through the case where the polarization of the incident wave is orthogonal to the plane of incidence.

(a) Draw a diagram of the interface on the xz-plane at z = 0, showing the electric and magnetic field
orientations, the wavevectors, and the angle of incidence, reflection and transmission, 6;, g and 0

respectively.

SOLUTION:

E; k[

Figure 1

(b) Starting from the general boundary conditions, determine Fresnel’s equations for this case, i.e. find the
relation between the transmitted amplitude Ey r and the incident amplitude Eq r, as well as between
the reflected amplitude Ey r and Ey ;. You may use o = cosfr/ cosfr and S = pyv1/(peve).

SOLUTION:
We start with the expression for the electric and magnetic fields:

EI — EOIei(kprfwt)y
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1 D C s
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)

The boundary conditions are:

el =6l

Bi1 =B,
Ejr = Ej2
1 1
—Bjp = — B2
M1 H2
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Now, we can use the boundary conditions to find the relationship between the different ampli-
tudes. From the third condition:

Eor + Eor = Eor (29)

Using this along with the second condition, we get expression of Snell’s law at the interface:

1 1 1
fE()[ sin (91 + fEOR sin 91 = fEQT sin 92 (30)
U1 U1 V2
v sin 6
Eor + Eor = < Lo 2) Eor (31)
Vg sin 01
sin 6y Vg
= — 32
sin 91 (%} ( )

In the above expressions, we have the fact that 0 = 01
Using the fourth condition,

1 1 1 1
— |——FEyrcosl; + —Epr 60891:| = ———Fyrcosfy (33)
M1 U1 U1 H2V2

Simplifying the above expression with the given definitions of a and S,
Eor — Eor = afEor (34)

Solving for the required expressions of Egrand Egg in terms of gy

For = ( 2 >E0, (35)

1+ ap

1 _
Eor = (1 n Zg) Eor (36)

(c) Sketch Ey r/Eo; and Egr/Eo as a function of 67, taking for concreteness u; = p2 = po, and
ﬁ = ng/nl = 1.5.

SOLUTION:
For the given values,
2
.2
cos Oy m 1-— % sin” 0
4= = = (37)
cos 61 cos 0 cos 01
af — V3 —sin®6; _ /2.25 —sin’ 6, 9
cos 61 cos 6
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Figure 2
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(d) For py = p2 = po, show that there is no Brewster’s angle, i.e. Fy p # 0 for any ny and ng other than
ny = no (this is the trivial case where the two media are indistinguishable from the point of view of
EM waves, and so there is no reflection).

SOLUTION:
For Egr = 0, we require o8 = 1. Using the expression from part(c), we see that this condition
implies:

V32 — sin? 6,
= — = 1
ap cos 01 )

= B2 =sin?6; +cos’01=1 or B=1 or ny=ns. (40)

(e) Check that the transmission and reflection coefficients T' and R satisfy 7'+ R = 1.

SOLUTION:
The reflection and transmission coefficients are:
Eor\> [1- 2
R— (OR) — ( aﬂ) (41)
Eor 1+ap
_ €9V9 COS 92 E()T 2 _ 40{5 (42)
€1V1 (30801 E()] (1 +Oéﬂ)2

Their sum gives:

(1 - aB)? + 4ap B (1+ aB)? _

T = = = 4
M (T e ey )
(44)
(f) Check that for ; = 0, you recover T' and R for normal incidence.
SOLUTION:
If 0; = 0, then 07 = 0 and o = 1 and we are left with
(1=5)% _ (n1—np)?
= = 4
B 00~ v map )

(1+8)? (1 +n2)?

These are the expression we found for normal incidence.

3 Radiation Pressure from the Sun vs. Gravity: A Fermi Problem
(15 points)

The sun is emitting electromagnetic waves, and so is exerting an electromagnetic force radially outward. At
the same time, it also has a gravitational pull acting in the opposite direction.

(a) Does the distance from the Sun of the object matter to determining which force is stronger? Why or
why not?
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SOLUTION:

The sun radiates spherically outward. Hence, the radiation flux goes down as 1/7? and so the
radiation pressure also drops as 1/r2. This is the same as drop of the gravitational force of an
object from the sun. Hence, the distance doesn’t matter in determining which force is stronger.

(b) Consider an object of characteristic size a with some density p. Under what conditions are the two
forces balanced?

SOLUTION:
For an object of density p with radius a at a distance R from the sun, the gravitational force is:
GM, 47a®
Fe = 47
o= S (v ) (47)
where My is the mass of the sun. Assuming solar luminosity Lg, the intensity of radiation from
the sun at a distance R is
Lo
I=—— 48
4r R? (48)
The radiation pressure is (assuming the object is perfectly absorbing)
1
== 49
p=- (49)
Hence the radiation force on the object is
Ly a?
Fry = p(4ma?) = fﬁ (50)
The two forces are balanced when
G My 4ma® Lo a?
R 3 c R
3Ly
= ——— 52
or ae 4me GM (5%)

(¢) For typical objects, what value of a would be required for the two forces to be balanced? Would bigger
objects be more affected by radiation pressure, or gravitational pull?

SOLUTION:
Substituting typical values for the constants in the above expression:

3(3.8 * 1025W)
4(3.14)(3 % 108m/s) (6.7 * 10~ 11Nm? /kg?)(2 x 103%kg)
a~10"%m (54)

a(10%kg/m?) = (53)

This gives radii of the order of microns, which would imply that this could hold for suspended
dust particles in space. Clearly, bigger objects are affected more by the gravitational pull rather

than the electromagnetic radiation force, since it scales cubically as opposed to quadratically
with a.

J

NOTE: This is a Fermi problem. It is not a typical homework problem, but much more reminiscent
of a problem you might encounter as a physicist. You're free to use any information you want, define any
variable you want, but please don’t plug in numbers until right at the end, so that the dependencies on
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various parameters are obvious. Estimates are highly encouraged—you should not be doing integrals or
worrying about the exact geometry of things.
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