
Problem Set 4: Solutions
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where,
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Therefore, Z = kT
h̄ω (1 − 3bkT

K2 ).

b)

Z = Tr
[

e−β[H0+b<x4>]
]

= ... = Z0(1 − βb < x4 >)

where,

< x4 >=
h̄2

4Kµ
< (a + a†)4 >=

h̄2

4Kµ
< (a†)2a2 + a2(a†)2 + aa†aa† + a†aa†a + aa†a†a + a†aaa† >

using [a, a†] = aa† − a†a = 1 and n̂ = a†a we get (a†)2a2 = a†(aa† − 1)a = n̂2 − n̂,

a2(a†)2 = a(a†a + 1)a† = (a†a + 1)2 + (a†a + 1) = (n̂ + 1)2 + n̂ + 1 = n̂3 + 3n̂ + 2

and aa†aa† = (n̂ + 1)2 = n̂2 + 2n̂ + 1, a†aa†a = n̂2, aa†a†a = (n̂ + 1)n̂ = n̂2 + n̂, a†aaa† = n̂(n̂ + 1) = n̂2 + n̂.
Therefore,

< x4 >=
h̄2

4Kµ
< (n̂2 − n̂) + (n̂3 + 3n̂ + 2) + (n̂2 + 2n̂ + 1) + n̂2 + n̂2 + n̂ + n̂2 + n̂ >= (4)

=
h̄2

4Kµ
< 6n̂2 + 6n̂ + 3 >=

3h̄2

4Kµ
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∞
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therefore,

< x4 >=
3h̄2

4Kµ
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+

2

eβωh̄ − 1
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= (11)

=
3h̄2

4Kµ
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(eβωh̄ − 1)2
(12)

Finally,

Z =
e−

βωh̄
2

1 − e−βωh̄

[

1 − bβ
3h̄2

4Kµ

(eβωh̄ + 1)2

(eβωh̄ − 1)2

]

c) If βωh̄ → 0 then

Z →
1

βωh̄

[

1 − b
3βh̄2

(βωh̄)2Kµ

]

= (13)

=
kT

ωh̄

[

1 −
3bkT

ω2Kµ

]

=
kT

ωh̄

[

1 −
3bkT

K2

]

. (14)

This agrees with the classical result, in the high T limit.

2) It depends on the component of ~v directed toward the observer,

P (vx) ∝ e−
mv2

x
2kT

Because δλ
λ0

= vx

c , we have

P (δλ) ∝ e
−mc2

2kT

(

δλ
λ0

)2

For T = 6000 K,

√

(δλ)2/λ0 =

√

kT

mc2
=

√

1.38 10−23 6000

1.67 10−27 (3 108)2
= 2.3 10−5

3) Afinal = −kTN ln 3Z0+Ze

N + ..., where we include the −kTN ln(1/N) term arising from 1/N ! factors in Z....is
translational part which does not change.

Ainitial = −
kTN

4
ln(

Ze

N/4
) − kT

3N

4
ln(

3Z0

3N/4
) = (15)

=
kTN

4
ln(

Ze

N/4
) − 3

kTN

4
ln(

Z0

N/4
) (16)

Here we regard the gas as a mixture of S = 0 and S = 1 components assuming each S = 1 molecule can go into any
of the 3 spin-states in (15), or we consider a mixture of 4 spin state components (N/4 particles of each type) in (16).

In the second interpretation,

Z =
Z

N/4
e

(N/4)!

[

Z
N/4
0

(N/4)!

]

We divide by (N/4)! because 4 groups of N/4 particles are indistinguishable but we can distinguish between groups.
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∆A

kT
= −N ln

(

3Z0 + Ze

N

)

+
N

4
ln

(

Ze

N/4

)

+
3N

4
ln

(

Z0

N/4

)

= −N ln

(

(3Z0 + Ze)/4

Z
1/4
e Z

3/4
0

)

where (3Z0+Ze)/4

Z
1/4
e Z

3/4

0

≥ 1 for all Ze, Z0.

Proof.: let X = Z0/Ze, then we must prove (3X+1)
4X3/4 ≥ 1 or 3X1/4 + X−3/4 ≥ 4. The minimum is at 3

4 (X−3/4 −
X−7/4) = 0, implying X = 1. At X = 1 the ratio is 1, therefore ∆A ≤ 0. This proves that ∆A ≤ 0 for any Ze, Z0.

Here we have Ze ≈ 1 and Z0 ≈ 0, then ∆A
kT ≈ −N ln

(

3/4

Z
3/4

0

)

, where Z0 = exp(−2T0/T ) (T0 ≈ 85K for H2). Then

∆A

kT
= −N ln

[

1

4
exp(−

3T0

2T
)

]

= −
3NT0

2T
+ N ln 2 (17)

∆A = −
3NkT0

2
+ NkT ln 2 < 0 (18)

Furthermore,

∆S = −
∂(∆A)

∂T
= −Nk ln 2 < 0

Both A and S decrease, and ∆A/N = −1.38 10−21 J and ∆S/N = −9.6 10−24 J/K. Since the system is in
equilibrium with a heat bath, A must decrease but S may decrease also. The entropy of the heat bath can increase
by more so the total entropy increases.

4) As shown in class,

nenp

nH
= eE0/kT

(

mkT

2πh̄2

)3/2

but ne = np, then

np = eE0/2kT√nH

(

mkT

2πh̄2

)3/4

= exp

(

−
13.6

2 · 8.617 10−5 6000

)√
1025

[

1.67 10−27 1.38 10−23 6000

2π(1.05 10−34)2

]3/4

= 5.8 1022.

nH,ex = 4nHeEexp/kT = 4 1025 exp

(

−
10.2

8.617 10−5 6000

)

= 1.08 1017

np > nH,ex because there are many more states available to an ionized p-e pair than to a H-atom in first excited
states.


