
Solving Classical Equations of Motion
Newton’s equation of motion govern the dynamics of:
- solar systems, galaxies…

(some relativistic effects, some times large, e.g., binary star systems)
- “everyday motion”; projectiles, baseballs, mechanical machines
- non-electronic aspects of solids, liquids and gases  
  (some quantum effects for light atoms/molecules)

- potentials from quantum mechanics

We will discuss basic numerical algorithms 
(regularly discretized time axis)
- 1D equation, properties of different integrators
- 2D motion, driving forces, disspation… 
- chaos in classical dynamic systems (may be postponed to later)



1D motion - single particle x(t)
<latexit sha1_base64="S4VP6qYkVrdrYXTKMF0aqkMHHzE="></latexit>

ẋ(t) =
dx(t)

dt
= v(t), ẍ(t) =

d2x(t)

dt2
= a(t)

velocity and acceleration:

<latexit sha1_base64="kUWbmcbrEHENAcJUmFSqq1w2uLc=">AAACFHicbVDLSgMxFM3UV62vqks3wSJULGVGiroRCoLoroJ9QDuUTJppQzMPkjtiGeYj3Pgrblwo4taFO//GtB1BWw8EDufcw809Tii4AtP8MjILi0vLK9nV3Nr6xuZWfnunoYJIUlangQhkyyGKCe6zOnAQrBVKRjxHsKYzvBj7zTsmFQ/8WxiFzPZI3+cupwS01M0fdXq9APB9EQ7xOe64ktDYSmIvuWyPtVLnxy2B3c0XzLI5AZ4nVkoKKEWtm//UcRp5zAcqiFJtywzBjokETgVLcp1IsZDQIemztqY+8Ziy48lRCT7QSg+7gdTPBzxRfydi4ik18hw96REYqFlvLP7ntSNwz+yY+2EEzKfTRW4kMAR43BDucckoiJEmhEqu/4rpgOhiQPeY0yVYsyfPk8Zx2TopV24qhep1WkcW7aF9VEQWOkVVdIVqqI4oekBP6AW9Go/Gs/FmvE9HM0aa2UV/YHx8A9adnNc=</latexit>

ẍ(t) =
1

m
F [x(t), ẋ(t), t]

Given a force F, the equation of motion is
- potential depending on x or x(t)
- dissipation (friction) depending on v
- location independent driving (t dep)This 2nd order diff equation 

can be written as 2 coupled 1st order eqs:
<latexit sha1_base64="AcxsQUgz+bB1sVu7j04kNVw3dRw=">AAACG3icbVDLSgMxFM3UV62vqks3waJUKGWmFHUjFNzoroJ9wMxQMmnahmYeJHeKpfQ/3Pgrblwo4kpw4d+YaWehrQdCTs65N8k9XiS4AtP8NjIrq2vrG9nN3Nb2zu5efv+gqcJYUtagoQhl2yOKCR6wBnAQrB1JRnxPsJY3vE781ohJxcPgHsYRc33SD3iPUwJa6uQrp9jphoAfinCGr/Ao2Rwnl6qjuUrsxC4lpxK4nXzBLJsz4GVipaSAUtQ7+U99GY19FgAVRCnbMiNwJ0QCp4JNc06sWETokPSZrWlAfKbcyWy2KT7RShf3QqlXAHim/u6YEF+pse/pSp/AQC16ififZ8fQu3QnPIhiYAGdP9SLBYYQJ0HhLpeMghhrQqjk+q+YDogkFHScOR2CtTjyMmlWytZ5uXpXLdRu0ziy6AgdoyKy0AWqoRtURw1E0SN6Rq/ozXgyXox342NemjHSnkP0B8bXD1HAnK0=</latexit>

ẋ(t) = v(t)

v̇(t) = a[x(t), v(t), t]

Discretized time axis (constant time step):
<latexit sha1_base64="OgQ05ryg2lhUwUahXHKlXf9nTXA="></latexit>

t 2 {t0, t1, . . . , tN}, �t = ti+1 � ti

Start with given initial conditions at t0: x=x0, v=v0

- use approximation to diff equation to integrate forward in time



Euler forward algorithm 

To go from time tn to tn+1, in general we can expand around tn
<latexit sha1_base64="pBwA1E0Yt/1WuDZe5AlzKAVNeEM="></latexit>

xn+1 = xn +�tvn + 1
2�

2
tan + 1

6�
3
t ȧn + . . .

vn+1 = vn +�tan + 1
2�

2
t ȧn + 1

6�
3
t än + . . .

Simplest case: go to linear order:

<latexit sha1_base64="XyJUsBtRd8Yldz6fZCA4PEyxAC0=">AAACKnicbVDLSgMxFM3UVx1fVZdugkURCmVGRN0IFV3oroKtQqcMmTRtg5nMkNwpLUO/x42/4qYLpbj1Q0wfiz48EDj33HO5uSeIBdfgOEMrs7K6tr6R3bS3tnd293L7B1UdJYqyCo1EpF4DopngklWAg2CvsWIkDAR7Cd7uRv2XDlOaR/IZejGrh6QleZNTAkbyc7ddP5UFt49P8Q3u+hIXsHfPBBAfcMeUnmd3ZhydeQcxpZ/LO0VnDLxM3CnJoynKfm7gNSKahEwCFUTrmuvEUE+JAk4F69teollM6BtpsZqhkoRM19PxqX18YpQGbkbKPAl4rM5OpCTUuhcGxhkSaOvF3kj8r1dLoHldT7mME2CSThY1E4EhwqPccIMrRkH0DCFUcfNXTNtEEQomXduE4C6evEyq50X3snjxdJEvPU7jyKIjdIzOkIuuUAk9oDKqIIre0Sf6Qt/WhzWwhtbPxJqxpjOHaA7W7x/B3qM+</latexit>

xn+1 = xn +�tvn

vn+1 = vn +�tan

<latexit sha1_base64="IUJ9SXRc/wNu2ESntuiiNjwpKHs="></latexit>

error in xn+1 is O(�2
t )

for i=1:nt 
   t=dt*(i-1) 
   dowhatever(x,v,t) 
   a=acc(x,v,t) 
   x=x+dt*v 
   v=v+dt*a 
end

Julia implementation

Note: for consistency with the 
series expansion, the acceleration 
should be evaluated with “old” x,v,t (i-1)

the path [x(t),v(t)] may be written to 
a file or processed in some other way.

The Euler algorithm is not very good in practice
- should not be used in any serious work



Illustration of the Euler method

<latexit sha1_base64="OKQVt0gi38UAc/dpA3eJrQMMaO4=">AAACGXicbVDJSgNBEO2JW4xb1KOXxiBExDAzBPUSCIiitwhmgWQSejo9SZOehe6ekDBMPsOLv+LFgyIe9eTf2FkOMfFBweO9Kqrq2QGjQur6j5ZYWV1b30hupra2d3b30vsHFeGHHJMy9pnPazYShFGPlCWVjNQCTpBrM1K1e9djv9onXFDfe5TDgFgu6njUoRhJJbXS+g0swIbDEY6MODJj2Bs0TXg2L7n9pjkajbK3hfPe4LSVzug5fQK4TIwZyYAZSq30V6Pt49AlnsQMCVE39EBaEeKSYkbiVCMUJEC4hzqkrqiHXCKsaPJZDE+U0oaOz1V5Ek7U+YkIuUIMXVt1ukh2xaI3Fv/z6qF0rqyIekEoiYeni5yQQenDcUywTTnBkg0VQZhTdSvEXaQykSrMlArBWHx5mVTMnHGRyz/kM8X7WRxJcASOQRYY4BIUwR0ogTLA4Am8gDfwrj1rr9qH9jltTWizmUPwB9r3L2/RnsI=</latexit>

E =
1

2
kx2 +

1

2
mv2 (F = �kx)

Harmonic oscillator

Periodic motion; 
<latexit sha1_base64="/BI1Tg5AcfwtvzDI2figC+oHmAo=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXYlqI0QsNEugnlANoTZyWwyZB7rzKwQli1s/BUbC0Vs/Qg7/8ZJsoUmHrhwOOde7r0njBnVxvO+ncLK6tr6RnGztLW9s7vn7h+0tEwUJk0smVSdEGnCqCBNQw0jnVgRxENG2uH4auq3H4jSVIo7M4lJj6OhoBHFyFip75YDyckQXcJA3yuTwiBSCKfjLOVZ1ncrXtWbAS4TPycVkKPRd7+CgcQJJ8JghrTu+l5seilShmJGslKQaBIjPEZD0rVUIE50L509kcFjqwxgJJUtYeBM/T2RIq71hIe2kyMz0oveVPzP6yYmuuilVMSJIQLPF0UJg0bCaSJwQBXBhk0sQVhReyvEI2RjMDa3kg3BX3x5mbROq/5ZtXZbq9Rv8jiKoAyOwAnwwTmog2vQAE2AwSN4Bq/gzXlyXpx352PeWnDymUPwB87nD0E5mIk=</latexit>

! =

r
k

m
Test case: k=m=1, x0=1, v0=0
Comparing two different time steps: 𝛥t=0.01, 0.001

Amplitude increases with time, unbounded energy error
- there are algorithms with bounded energy error for periodic motion



Leapfrog (Verlet) Algorithm 
<latexit sha1_base64="fyJU1Xk/fX7agyh+jGkHCVDbZG8="></latexit>

xn+1 = xn +�tvn + 1
2�

2
tan +O(�3

t )
Use second-order form of x:

and recall first-order form of v:
<latexit sha1_base64="QxpjqRqKuoCPQuc9I7Uc/rV00RE=">AAACFnicbVDLSgMxFM34rPVVdekmWIRKscyUom6Egi50ZQX7gLYOmTRtQzOZIblTKEO/wo2/4saFIm7FnX9j+hC09cCFk3PuJfceLxRcg21/WQuLS8srq4m15PrG5tZ2ame3ooNIUVamgQhUzSOaCS5ZGTgIVgsVI74nWNXrXYz8ap8pzQN5B4OQNX3SkbzNKQEjuanjvhvLrDPE+Bz3XYmzuHHJBBAXMBk/bzI/wn3+yE2l7Zw9Bp4nzpSk0RQlN/XZaAU08pkEKojWdccOoRkTBZwKNkw2Is1CQnukw+qGSuIz3YzHZw3xoVFauB0oUxLwWP09ERNf64HvmU6fQFfPeiPxP68eQfusGXMZRsAknXzUjgSGAI8ywi2uGAUxMIRQxc2umHaJIhRMkkkTgjN78jyp5HPOSa5wW0gXr6dxJNA+OkAZ5KBTVERXqITKiKIH9IRe0Kv1aD1bb9b7pHXBms7soT+wPr4Bd9Cceg==</latexit>

vn+1 = vn +�tan +O(�2
t )

Re-write x formula as
<latexit sha1_base64="Ts+uWzqwZBfNUUnnQqV6bUmgX/c="></latexit>

xn+1 = xn +�t(vn + 1
2�tan) +O(�3

t )

<latexit sha1_base64="S3SDg+Y3k1NstkML2tUAPCz3oZI=">AAACHXicbZDNSgMxFIUz/tb6V3XpJlgURagztagboaALXVnBqtCOQyZNazCTGZI7pWXoi7jxVdy4UMSFG/FtTNsRtHohcPjOvdzc40eCa7DtT2tsfGJyajozk52dm19YzC0tX+owVpRVaShCde0TzQSXrAocBLuOFCOBL9iVf3fU96/aTGkeygvoRswNSEvyJqcEDPJypY6XyG2nhzfwIe54Em/j+jETQDzA7YG1U+wZeLb5jW92t7xc3i7Yg8J/hZOKPEqr4uXe642QxgGTQAXRuubYEbgJUcCpYL1sPdYsIvSOtFjNSEkCpt1kcF0PrxvSwM1QmScBD+jPiYQEWncD33QGBG71qNeH/3m1GJoHbsJlFAOTdLioGQsMIe5HhRtcMQqiawShipu/YnpLFKFgAs2aEJzRk/+Ky2LB2SuUzkv58mkaRwatojW0iRy0j8roBFVQFVF0jx7RM3qxHqwn69V6G7aOWenMCvpV1scX2BaetQ==</latexit>

xn+1 = xn +�tvn+1/2 +O(�3
t )

We will only have v on the half-step, use vn-1/2 to obtain vn+1/2 
(cubic step error remains intact)

<latexit sha1_base64="HJEcxREFa3ZXEF2BLmv89Dg8/TI="></latexit>

vn+1/2 = vn�1/2 +�tan

xn+1 = xn +�tvn+1/2

Note: The acceleration (force) at the integer step n is required
- we do not have vn 
- force cannot be v-dependent here; an=an(xn,t)

where we can identify “half-step” velocity
<latexit sha1_base64="J/+VL2LG2bywxzkdlwYR5g//U3o="></latexit>

vn+1/2 = vn + 1
2�tan +O(�2

t )

<latexit sha1_base64="XLaOe7pp+07mw6qoBC4ec1p4lCU="></latexit>

vn+1/2 = vn + (�t/2)an + (�t/2)
2
ȧn +O(�3

t )

vn�1/2 = vn � (�t/2)an + (�t/2)
2
ȧn �O(�3

t )
<latexit sha1_base64="V3IsWF8sMpJULbgQBab2wKXE12s=">AAACIXicbZBNSwMxEIazftb6VfXoJViESrHuqmgvQlEP3lSwtdDWJZumbWg2uySzhbL0r3jxr3jxoIg38c+YbqtodSDwzDszTOb1QsE12Pa7NTU9Mzs3n1pILy4tr6xm1tYrOogUZWUaiEBVPaKZ4JKVgYNg1VAx4nuC3Xrds2H9tseU5oG8gX7IGj5pS97ilICR3EyxDgHuubHMO3v7A3yS8G7CeUxcievnTABxwaSXua/k7mDHzWTtgp0E/gZnErJoHFdu5q3eDGjkMwlUEK1rjh1CIyYKOBVskK5HmoWEdkmb1QxK4jPdiJMLB3jbKE3cCpR5EnCi/pyIia913/dMp0+goydrQ/G/Wi2CVrERcxlGwCQdLWpFAhtXhnbhJleMgugbIFRx81dMO0QRCsbUtDHhz8l/obJfcI4Kh9eH2dLp2I4U2kRbKIccdIxK6AJdoTKi6B49omf0Yj1YT9ar9TZqnbLGMxvoV1gfn84roDo=</latexit>

! vn+1/2 = vn�1/2 + an�t +O(�3
t )



<latexit sha1_base64="HJEcxREFa3ZXEF2BLmv89Dg8/TI="></latexit>

vn+1/2 = vn�1/2 +�tan

xn+1 = xn +�tvn+1/2

<latexit sha1_base64="HWUqyqa3Agf3q0hX+0d8UeoUR/c="></latexit>

v�1/2 = v0 � 1
2�ta0

What is the step error here?
- we expanded x to 2nd order. Is the step error 3rd order?
Let’s do a different derivation to cubic order

<latexit sha1_base64="pma/SNgqi8BpO2Fxa8NIvZvt28A="></latexit>

xn+1 = xn +�tvn + 1
2�

2
tan + 1

6�
3
t ȧn +O(�4

t )

xn�1 = xn ��tvn + 1
2�

2
tan � 1

6�
3
t ȧn +O(�4

t )

- forward and backward x steps:

add these →

<latexit sha1_base64="Hoiw1IujgKCUVOl3FMlqCBjTsns="></latexit>

! xn � xn�1 = vn�1/2�t +O(�3
t )

<latexit sha1_base64="j3Yg5F6mdu0GXLSoiy1uxki9GFI="></latexit>

xn+1 = 2xn � xn�1 +�2
tan +O(�4

t )

<latexit sha1_base64="vofdt3182xOVOJwZZ1pWeNY2+50="></latexit>

=[xn�1/2 + (�t/2)vn�1/2 +
1
2 (�t/2)

2an�1/2 +
1
6 (�t/2)

3ȧn�1/2 + . . .]

� [xn�1/2 � (�t/2)vn�1/2 +
1
2 (�t/2)

2an�1/2 � 1
6 (�t/2)

3ȧn�1/2 + . . .]
<latexit sha1_base64="HtLasNtOiRDpa1MsrnLVc1GeKaQ=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFahItZEi3oRCnrQkwr2A9oaNtutLm42YXdSKKF/wIt/xYsHRbx69+a/cVsjqPXBwOO9GWbm+ZHgGhznw8qMjU9MTmWnczOzc/ML9uJSVYexoqxCQxGquk80E1yyCnAQrB4pRgJfsJp/ezTwa12mNA/lJfQi1grIteQdTgkYybPXDnHzmAkgHuCul8gtd3unjzfxWeFbvtrd8Oy8U3SGwKPETUkepTj37PdmO6RxwCRQQbRuuE4ErYQo4FSwfq4ZaxYRekuuWcNQSQKmW8nwmz5eN0obd0JlSgIeqj8nEhJo3Qt80xkQuNF/vYH4n9eIoXPQSriMYmCSfi3qxAJDiAfR4DZXjILoGUKo4uZWTG+IIhRMgDkTgvv35VFS3Sm6e8XSRSlfPk3jyKIVtIoKyEX7qIxO0DmqIIru0AN6Qs/WvfVovVivX60ZK51ZRr9gvX0CnG6ZaA==</latexit>

= �tvn�1/2 +O(�3
t )

<latexit sha1_base64="j3Yg5F6mdu0GXLSoiy1uxki9GFI="></latexit>

xn+1 = 2xn � xn�1 +�2
tan +O(�4

t )use this in

consider 
<latexit sha1_base64="hWQuCNb4qV1q+S3OZe6CVZnAl9E=">AAACK3icbZDLTsJAFIanXhFvqEs3E4kJxgAtIerGhKgL3WEilwRIMx0GmDCdNjOnBtLwPm58FRe68BK3voctsEDwJJN8+f9zcub8ji+4BtP8NJaWV1bX1hMbyc2t7Z3d1N5+VXuBoqxCPeGpukM0E1yyCnAQrO4rRlxHsJrTv4792iNTmnvyAYY+a7mkK3mHUwKRZKeuBrbE2YEdyqw1wpd4kIEx5wuj0+YNE0BsyBdOcHbWyc44yaSdSps5c1x4EawppNG0ynbqtdn2aOAyCVQQrRuW6UMrJAo4FWyUbAaa+YT2SZc1IpTEZboVjm8d4eNIaeOOp6InAY/V2YmQuFoPXSfqdAn09LwXi/95jQA6F62QSz8AJulkUScQGDwcB4fbXDEKYhgBoYpHf8W0RxShEMUbh2DNn7wI1ULOOssV74vp0t00jgQ6REcogyx0jkroFpVRBVH0hF7QO/owno0348v4nrQuGdOZA/SnjJ9fDUyjSA==</latexit>

xn � xn�1 = x(tn�1/2 +�t/2)� x(tn�1/2 ��t/2)



<latexit sha1_base64="f3EfobT2xe7xJ099ZlCSHB+wdR4="></latexit>

xn � xn�1 = vn�1/2�t +O(�3
t )

<latexit sha1_base64="ALX4jIwooJaJ4d81mQn/o49ue/U="></latexit>

! vn�1/2 =
1

�t
(xn � xn�1) +O(�2

t )

<latexit sha1_base64="j3Yg5F6mdu0GXLSoiy1uxki9GFI="></latexit>

xn+1 = 2xn � xn�1 +�2
tan +O(�4

t )

<latexit sha1_base64="HJEcxREFa3ZXEF2BLmv89Dg8/TI="></latexit>

vn+1/2 = vn�1/2 +�tan

xn+1 = xn +�tvn+1/2

We arrive at an algorithm identical to the Leapfrog algorithm

The Leapfrog step error is actually O(𝛥t4)
The form without explicit v is called the Verlet algorithm

<latexit sha1_base64="j3Yg5F6mdu0GXLSoiy1uxki9GFI="></latexit>

xn+1 = 2xn � xn�1 +�2
tan +O(�4

t )

Initial conditions: x0, x1

If needed, the velocity obtained as
<latexit sha1_base64="l1/Jjc7CT2U1Ex7k576OHsIBvwM="></latexit>

vn+1/2 =
1

�t
(xn+1 � xn) +O(�2

t )

<latexit sha1_base64="RRYQujUqp72vKiNSh/7JluDXRuw="></latexit>

xn+1 = xn +�t(vn�1/2 +�tan) +O(�4
t )

Here it looks like the error in xn+1 should be O(𝛥t3)

<latexit sha1_base64="91hUyDcuA6BNHcUFhTxffGVXMdY="></latexit>

xn+1 � xn = xn � xn�1 +�2
tan +O(�4

t )

<latexit sha1_base64="XLaOe7pp+07mw6qoBC4ec1p4lCU="></latexit>

vn+1/2 = vn + (�t/2)an + (�t/2)
2
ȧn +O(�3

t )

vn�1/2 = vn � (�t/2)an + (�t/2)
2
ȧn �O(�3

t )
<latexit sha1_base64="V3IsWF8sMpJULbgQBab2wKXE12s=">AAACIXicbZBNSwMxEIazftb6VfXoJViESrHuqmgvQlEP3lSwtdDWJZumbWg2uySzhbL0r3jxr3jxoIg38c+YbqtodSDwzDszTOb1QsE12Pa7NTU9Mzs3n1pILy4tr6xm1tYrOogUZWUaiEBVPaKZ4JKVgYNg1VAx4nuC3Xrds2H9tseU5oG8gX7IGj5pS97ilICR3EyxDgHuubHMO3v7A3yS8G7CeUxcievnTABxwaSXua/k7mDHzWTtgp0E/gZnErJoHFdu5q3eDGjkMwlUEK1rjh1CIyYKOBVskK5HmoWEdkmb1QxK4jPdiJMLB3jbKE3cCpR5EnCi/pyIia913/dMp0+goydrQ/G/Wi2CVrERcxlGwCQdLWpFAhtXhnbhJleMgugbIFRx81dMO0QRCsbUtDHhz8l/obJfcI4Kh9eH2dLp2I4U2kRbKIccdIxK6AJdoTKi6B49omf0Yj1YT9ar9TZqnbLGMxvoV1gfn84roDo=</latexit>

! vn+1/2 = vn�1/2 + an�t +O(�3
t )

However, earlier we saw that

 [step error in v is ] and so the error in x is still O(𝛥t4) when used in xn+1O(Δ3
t )

we use this only if we want 
to extract v from the x path


