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Outline

(Motivation: CKM matrix elements, Heavy-light & -onium spectra)

A taste of lattice Monte Carlo calculations

Hot topic: unquenching with “improved staggered” quarks

Recent results



Wherefore LQCD for Flavor Physics?

a. Weak decay
of b to u

b. A B, not just a b

c. The whole 
decayIl
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slide from V. Lubicz, Lattice 2004



Statistical FT & Quantum FT

〈J(y)J(x)〉 = Z−1

∫
[dψ][dψ][dU ] J(y)J(x) exp

(
−

∑
x

ψ(γµDµ + m)ψ − Lg

)
Z =

∫
[dψ][dψ][dU ] eiSM

define imaginary
time coordinate

→ Z =

∫
[dψ][dψ][dU ]e−Se

Get rid of bizarre Grassman variables

Z =

∫
[dU ] detQ[U ] e−Sg

〈J(y)J(x)〉 =

∫
[dU ] J(y)J(x) detQ[U ] e−Sg



Monte Carlo - Ising Model

Important
Samples

Dominate

Z = Tr e
−βH

〈O〉 = Z
−1

Tr Oe
−βH

=
1

N

∑

n

On



Correlation function for B to pi
in the Quenched or Valence Approximation

B π

b u

d

Aµ

〈Jπ(y)Aµ(0)JB(x)〉 =

∫
[dU ] Jπ(y)Aµ(0)JB(x) detQ[U ] e−Sglue



Quenched Light Hadron Spectrum

For calculating the s quark mass, we first make a linear fit

to a nondegenerate combination of quark masses,

mq
AWI!0 "!msi

AWI!0 ""A
0

si!A
1

si/# , !54"

keeping #si
fixed. We then set #"#ud and calculate

mud
AWI(0)!ms

AWI(0) by a linear interpolation in terms of 1/#si
.

We do not employ a quadratic extrapolation since the effect

of the quadratic term is negligibly small in s quark mass, but

increases errors of fitting parameters significantly.

FIG. 28. Light hadron spectrum from polynomial chiral fits.

TABLE XXII. Hadron spectrum from linear continuum extrapo-

lations of masses determined by polynomial chiral fits.

mK input m$ input

Mass !GeV" %2/Ndf Mass !GeV" %2/Ndf

K 0.546!06" 0.07

K* 0.864!07" 0.42 0.891!05" 0.70

$ 0.970!06" 0.08

N 0.887!22" 0.18 0.887!22" 0.18

& 1.022!16" 0.60 1.058!14" 0.80

' 1.110!14" 0.62 1.158!12" 0.74

( 1.212!13" 0.89 1.285!11" 1.73

) 1.252!24" 1.07 1.252!24" 1.07

'* 1.351!20" 1.14 1.380!17" 1.34

(* 1.463!18" 1.05 1.518!14" 1.71

* 1.560!17" 0.43 1.637!11" 1.14

TABLE XXI. Hadron masses in units of GeV from polynomial fits.

K input

Expt. +"5.90 +"6.10 +"6.25 +"6.47

a#1 1.970!8" 2.584!13" 3.109!20" 4.102!60"
K* 0.8961 0.8726!20" 0.8722!20" 0.8678!33" 0.8672!73"
,s 0.6906!12" 0.6930!12" 0.6915!17" 0.6908!59"
$ 1.0194 0.9659!19" 0.9672!22" 0.9676!25" 0.9657!65"
N 0.9396 1.0139!64" 0.9833!73" 0.9640!97" 0.9576!196"
) 1.2320 1.3968!76" 1.3621!83" 1.3365!92" 1.3516!241"
& 1.1157 1.1600!47" 1.1265!55" 1.1045!71" 1.1002!139"
' 1.1926 1.2272!44" 1.1982!50" 1.1804!61" 1.1787!135"

'* 1.3837 1.4626!64" 1.4342!68" 1.4160!77" 1.4311!201"
&ss 1.3629!41" 1.3384!45" 1.3245!52" 1.3249!127"
( 1.3149 1.3203!42" 1.2971!45" 1.2759!53" 1.2752!136"

(* 1.5318 1.5542!56" 1.5290!62" 1.5169!73" 1.5310!190"
Nsss 1.4790!37" 1.4608!43" 1.4462!49" 1.4348!133"
* 1.6725 1.6451!55" 1.6262!58" 1.6098!67" 1.6118!166"

$ input

K 0.4977 0.5572!20" 0.5541!22" 0.5527!26" 0.5534!65"
K* 0.8961 0.8998!13" 0.8989!14" 0.8943!27" 0.8953!59"
,s 0.7787!28" 0.7775!32" 0.7750!35" 0.7762!86"
N 0.9396 1.0139!64" 0.9833!73" 0.9640!97" 0.9576!196"
) 1.2320 1.3968!76" 1.3621!83" 1.3365!92" 1.3516!241"
& 1.1157 1.1969!40" 1.1638!48" 1.1413!62" 1.1383!132"
' 1.1926 1.2738!35" 1.2455!40" 1.2275!54" 1.2245!110"

'* 1.3837 1.4881!55" 1.4615!59" 1.4426!68" 1.4566!175"
&ss 1.4367!29" 1.4131!33" 1.3982!44" 1.4011!104"
( 1.3149 1.3926!31" 1.3707!32" 1.3478!45" 1.3483!124"

(* 1.5318 1.6035!43" 1.5814!47" 1.5677!55" 1.5848!156"
Nsss 1.5805!26" 1.5591!28" 1.5453!39" 1.5355!95"
* 1.6725 1.7251!36" 1.7057!35" 1.6882!45" 1.6902!107"

AOKI et al. PHYSICAL REVIEW D 67, 034503 !2003"

034503-26
S. Aoki, et al.,(CP-PACS) PRD 67 (2003)

Triumph of Force -- explored 
all systematic effects within 
quenched approximation

Disagreement with 
experiment at 10% level

Ambiguity in setting lattice 
spacing and strange quark 
mass



Naive fermion discretization has 15 extra states (“doublers”)

Staggered quarks are cheap to simulate because they turn the 
doubling problem into an asset -- spin diagonalization

Remaining doubler degrees-of-freedom (4) interpreted as “tastes”        
(artificial flavors) 

“Fourth-root trick” used to get right number of sea quarks                
No proof showing this is theoretically sound or unsound

A Smattering of Staggering

G(p)a =
1

i
∑

µ
γµ sin(pµa)



Nucleon mass vs. lattice spacing

MILC Collaboration, hep-lat/9912018

Improved staggered

Unimproved staggered

Quenched

Funny units        
(r1 = 0.13 fm)

Heavy masses



Improving staggered fermions

Exchange of hard “lattice-y” 
gluons break “taste” and 
generate large scaling violations

Large momentum modes are 
the offenders: can suppress 
them using perturbation theory

“Fat links”

Vµ(x) =


∏

ν !=µ

(
1 +

a2∇
(2)
ν

4

)


∣∣∣∣∣∣
sym′d

Uµ(x)



Heavy-staggered mesons

NRQCD/FNAL heavy 
quarks are not doubled

Taste-breaking is negligible

Compute corr’n fns using 
naive light fermions

M.W. et al., PRD 67, 054505 (2003)

Gψ(x, y) = gχ(x, y)
∏

µ

γxµ

µ γ
y4−µ

4−µ

〈
Ψ(x)γ5ψ(x) ψ(0)γ5Ψ(0)

〉



Quenched vs. Light Improved Staggered
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Getting some good press...

C. Davies, “Joining Up the Dots with the Strong Force,” Cern Courier, 44
(June 2004)

A. Cho, “Calculating the Incalcuable,” Science, 300, p. 1076 (16 May 2003)

I. Shipsey, “Lattice Window on the Strong Force,” Nature, 427, p. 591 
(12 February 2004)

C. DeTar & S. Gottlieb, “Lattice QCD Comes Of Age,” Physics Today, 
(February 2004)



Theoretically sound algorithm

Good chiral properties - 
Ginsparg-Wilson-Luescher 
symmetry

Simulate on large volumes, small 
lattice spacings, physical sea 
quark masses (or close enough 
for chi-PT)

The Grail of Purity



Sea quarks and states of Sin
Quenched

Theoretically wrong.  10-20% disagreement with experiment.

Lighter staggered

Theoretically uncertain.  Agreement with experiment within quoted 
uncertainties.  Permits simulation inside chiral regime

Heavier Wilson, twisted-mass, domain wall, overlap, fixed point

Theoretically sound.  More costly, so heavier mass required.  
Extrapolation to physical sea quark masses:  inside chiral regime???



Quenched vs. Light Improved Staggered

C
. D

av
ie

s,
 e

t a
l. 

P
R

L
 9

2,
 0

22
00

1 
(2

00
4)



fBs



with NRQCD

1. A. Ali Khan, et al. PRD 64 (2001)
2. S. Aoki, et al. PRL 91 (2003)
3. M.W., et al. PRL 92 (2004)

fBs

Ref Configs result (MeV)

1 2
CP-PACS

2 2
JLQCD

3 2+1
MILC

242 ± 9 ± 34

215 ± 9 ± 13

260 ± 7 ± 28

nf

msea

ud ≥ ms/2

msea

ud ≥ ms/2

msea

ud ≥ ms/4



CP-PACS - 2 flavors of clover (tadpole coeff)

Upsilon 1P-1S splitting vs. rho mass to set lattice spacing

JLQCD simulation sees scale agreement using 

Lattice spacing ambiguity

A. Ali Khan, et al. PRD 64 (2001)

Solid points = 2 flavor

(open points = quenched)

mρ, fK , r0

Our results for the lattice spacings are listed in Tables IV

and V for unquenched and quenched lattices respectively.

Note that a! given in this paper differs slightly from the one

presented in Ref. "19#, the latter being calculated in the chiral
limit where the (u ,d) quark mass vanishes rather than at the

physical point. The ratio of the scales is plotted in Fig. 4 for

quenched $open symbols% and full $filled symbols% QCD. The
ratio becomes closer to unity with the inclusion of a dynami-

cal quark, but the discrepancy still remains significant. We

note that the discrepancy does not decrease toward the con-

tinuum limit.

The light quark mass corresponding to the u and d quarks

is determined from m& . To determine the strange quark

mass, we use either the K meson mass or the ' meson mass.

The corresponding hopping parameters, denoted by Kl ,

Ks(K) and Ks('), are given in Tables IV and V.

B. B meson masses

In NRQCD, the exponential falloff of the correlator in

Euclidean time, Esim , represents the bare binding energy. We

expect that the nonperturbative mass of heavy-light mesons

is inferred from the meson dispersion relation. We use the

relativistic form

(E$p2%)Esim$p2%!Esim$0 %"!Mkin
2 #p2!Mkin .

$18%

In practice, we determine this energy difference from a fit of

the ratio of the correlators at p2"(2&/La)2 and p2"0 to a
single exponential. The results are given in Table VI for full

QCD and in Table VII for the quenched case. We also exam-

ine this particular form of the dispersion relation by compar-

ing the results using momenta larger than one lattice unit,

and find that they agree within errors. An example for Mkin

as a function of p2 is given in Fig. 5 for a quenched lattice at

*"2.575.

The meson masses can also be estimated from Esim ,

through the perturbative relation

Mpert"Esim#(pert)Esim#ZmM 0!E0 , $19%

where Zm is the quark mass renormalization constant, and E0
is a shift of the zero point of the energy that occurs in non-

relativistic and static theories. We employ one-loop perturba-

tive values of Zm and E0 "17#, using +MS as defined in Eq.
$10% at the scale 1/a . Results for Esim are given in Tables

VIII and IX, and those for Mpert in Tables X and XI.

The statistical errors in Esim are very small. The error of

Mpert quoted in these tables is dominated by the systematic

error from higher order radiative corrections, as estimated by

+MS
2
(1/a) times the meson mass. We find that the one-loop

contribution to (pert is always smaller than our estimate of

the two-loop error, which increases our confidence in the

error estimate.

For light valence quark masses around ms , Mkin , and

Mpert agree within the combined errors for all configurations

except for those for *"2.1, for Ksea"0.1357 in full QCD,
and for *"2.575 in quenched QCD. Even for these cases the
difference is at most two standard deviations of the statistical

error in Mkin . In Fig. 6 we show a comparison between Mkin

and Mpert for full $top panel% and quenched QCD $bottom
panel% at our finest lattice spacing of a!

!1,1.8 GeV. The full
QCD data show an agreement which is typical of our data,

while for the quenched data we show the case of the largest

discrepancy.

To determine the bare b quark mass M 0b , we employ the

kinetic meson mass Mkin , as it is free from higher order

perturbative errors. The systematic uncertainty in the choice

of the method will be discussed later. We first fit the mass as

a linear function of the light quark mass,

M"Aq#
Bq

2
! 1
K

!
1

Kc
" , $20%

and extrapolate or interpolate to the physical value Kl and Ks

to obtain the heavy-light meson masses Ml and Ms . The

result is then expressed as a function of the heavy quark

mass, as

Ml ,s"AQM 0#BQ , $21%

and M 0b is determined by requiring Ml or Ms to equal the

physical meson mass, MB or MBs
, respectively.

Examples for these fits in the light and heavy quark mass

are given in Fig. 7. On the right panel, a plot of Ms /M 0 is

shown as a function of 1/M 0, which is AQ#BQ /M 0. Results

using the B meson agree with those from Bs allowing for

larger errors. We use the Bs meson rather than the B meson

to calculate the central values of M 0b to avoid the larger

statistical and possible systematic errors from the extrapola-

tion to Kl . The difference between the use of the K and '
mesons to fix the strange quark mass is negligible compared

to other errors in heavy-light meson mass. We take the cen-

tral value from the K meson. The numerical results for M 0b

are listed in Table XII $full% and in Table XIII $quenched%.

FIG. 4. Ratio of inverse lattice spacings from -(1P!1S) and
m! for full $filled symbols% and quenched $open symbols% QCD.
Our results for Nf"2 $partially quenched% lattices are denoted by
filled squares (*"1.95) and filled circles (*"2.1) "19#. The open
and filled diamonds denote a quenched "14,23# and partially

quenched "6# result, respectively, for the plaquette gauge action.
Error bars are purely statistical.

A. ALI KHAN et al. PHYSICAL REVIEW D 64 054504

054504-8



with NRQCD

1. CP-PACS: A. Ali Khan, et al. PRD 64 (2001)
2. JLQCD: S. Aoki, et al. PRL 91 (2003)
3. HPQCD: M.W., et al. PRL 92 (2004)

fBs

Ref Configs result (MeV)
scale 

ambiguity

1 2
CP-PACS

2 2
JLQCD

3 2+1
MILC

242 ± 9 ± 34

215 ± 9 ± 13

260 ± 7 ± 28

nf

msea

ud ≥ ms/2

msea

ud ≥ ms/2

msea

ud ≥ ms/4

+38

−0

< 4%

+34

−0



Weighted Average

fBs
= 246 ± 16 MeV

100 150 200 250 300 350 400
fBs (MeV)

CP-PACS 2001

JLQCD 2003

HPQCD 2004

M.W., Lattice 2004



fB



From A. Kronfeld, Lattice 2003

0.0 0.5 1.0 1.5 2.0

r = m
q
/m

s

0.90

1.00

1.10

1.20

1.30

1.40

!
f

2+1: m
q

val
 = 

2+1: m
q

val
 < 

2+1: m
q

val
 > 

2: m
q

val
 = m

q

s

HPQCD[MILC] & JLQCD
n
f
 = 2 + 1                      n

f
 = 2   

m
sea

q

m
sea

q

m
sea

q

ξΦ ≡
fBs

√
mBs

fB

√
mB



fDs



14

fDs

√
mDs determination

fDs

√
mDs currently obtained in a separate (linear) extrap.

fDs

√
mDs extrap.

The mass plane

fDs

√
mDs = 0.369+0.007

−0.012(stat.+extrap.)

LATTICE 2004 June 2004

by FNAL/MILC

• nf = 2+1 impr. staggered

• coarser MILC lattices

• Volume 

• Mesons: FNAL-heavy 
impr. staggered light 
(AsqTad)

fDs

J. Simone, Lattice 2004

Linear extrapolation in sea quark
physical ms

a ≈ 0.12 fm

≈ (2.4 fm)3

Preliminary

msea

ud ≥ ms/8

fDs
= 263

+5

−9
± 24 MeV



fD



Light quark mass dependence
13

The full QCD view
extrap. along full QCD

The mass plane

Solid curve no taste violations; dotted includes effects.

fD
√

mD

fDs

√
mDs

= 0.830+0.039
−0.037 (stat.+extrap.)

LATTICE 2004 June 2004

J. Simone, Lattice 2004

ξΦ =

fDs

√
mDs

fD

√
mD

= 1.20 ± 0.06stat ± 0.06sys

fDs
= 263

+5

−9
± 24 MeV

fD = 224
+10

−14
± 22 MeV

Preliminary

Solid: chi-PT
Dotted: S chi-PT
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mixingB
0
− B

0

B
0

B
0

b

bd

d
O∆B=2

〈B
0

s|(bs)V −A(bs)V −A|B
0

s 〉 =
8

3
f2

Bs

m2

Bs

BBs

JLQCD, PRL 91 (2003); N. Yamada, 
Lattice 2001:

A. Gray (HPQCD), Lattice 2004 - 
Calculation underway
Chiral symmetry reduces mixings 
NRQCD+KS or Tsukuba+DWF

〈B
0

s|(bs)S−P (bs)S−P |B
0

s 〉 = −
5

3

(
fBs

m2
Bs

mb + ms

)2

BSs

3

0.0 2.0 4.0 6.0

(r
0
m
!
)
2

0.4

0.5

0.6

0.7

0.8

r 0
 f

P
S
 /

 Z
A

unquenched lattice data            

linear + quadratic

0.0 2.0 4.0 6.0

(r
0
m
!
)
2

0.4

0.5

0.6

0.7

0.8

r 0
 f

P
S
 /

 Z
A

µ = 300 MeV

µ = 500 MeV

µ = " (chiral log + quad)

FIG. 2: Chiral extrapolation of fπ divided by the renormal-
ization factor ZA. The fits with the hard cutoff chiral loga-
rithm are shown for µ = 300 (thin dashed curve), 500 (thick
curve) and ∞ (dashed curve) MeV.

Here we examine the first possibility that the effect
of pion loop is suppressed for heavy pions and the chi-
ral logarithm manifests itself only for small enough sea
quark masses. One example of models to describe such a
situation is the hard cutoff regularization of the one-loop
ChPT calculation, as suggested in [18]. This amounts to
the replacement, m2

π lnm2
π/µ2 → m2

π lnm2
π/(m2

π + µ2),
where µ is the scale of the hard cutoff, beyond which
pion loop effects are suppressed. This function has to
be understood as a model when used above the cutoff µ.
We use it to explore the possible range of uncertainties
consistent with the lack of curvature in our data.

Curves in Figure 2 illustrate the chiral extrapolation
using the cutoff-logarithm plus a quadratic term to rep-
resent higher order effects. The model function is consis-
tent with the lattice data, and it deviates from the sim-
ple polynomial function in the small mass region. The
µ = ∞ limit corresponds to the usual chiral logarithm
function plus a quadratic term, for which the curvature
cancels among the logarithmic and quadratic terms in the
data region while giving a large effect below (r0mπ)2 <
2. The other limit µ = 0 MeV is nothing but a simple
polynomial fit. The variation depending on the unknown
parameter µ indicates the size of uncertainties in the chi-
ral extrapolation within the model. It gives the upper
limit 147(3) MeV for µ = 0 MeV and the lower limit
128(2) MeV for µ = ∞. The error is statistical only;
other systematic errors are to be estimated.

A similar analysis can be made for the heavy-light de-
cay constant and the fits are shown in Figure 1 for µ
= 300 and 500 MeV (thin dotted curves) as well as for
∞ MeV (dashed curve). The effect of the chiral loga-
rithm is as large as −11% on fB, if we take µ = ∞ as
an extreme case. While this limit is unrealistic, since it
implies the validity of ChPT at very large mass scales, we

take it as the lower limit for the purpose of conservatively
estimating the systematic error. Other functional forms
are also possible as far as they are consistent with ChPT
in the small mass region [19], but all such models are ex-
pected to give numerically similar results as the model is
constrained by lattice data and ChPT in the heavy and
light pion mass regions, respectively.

The effect of the chiral logarithm is small for fBs , since
the particle circulating the loop is kaon or eta. The ex-
plicit formula in the partially quenched QCD is given in
[20]. The chiral extrapolation is shown in Figure 1 with
the lines for two extreme cases µ = 0 and ∞ MeV. The
difference among them is only 1%.

To quote our results we take the central value from the
polynomial fit and include the variation with the param-
eter µ. We obtain

fBd
= 191(10)(+ 0

−19)(12) MeV, (2)

fBs = 215(9)(+0
−2)(13)(+6

−0) MeV, (3)

fBs

fBd

= 1.13(3)(+12
− 0)(2)(+3

−0), (4)

where the first error is statistical and the second reflects
the uncertainty in the chiral extrapolation. Other sys-
tematic errors are estimated by order counting of trun-
cated higher order terms in the Symanzik and heavy
quark effective theories as in [11]. Important contri-
butions are O(Λ2

QCD/m2
b) ∼ 4%, O(α2

s) ∼ 4%, and
O(αsaΛQCD) ∼ 3%, which are added in quadrature to-
gether with other minor contributions. The last errors
for fBs and fBs/fBd

represent the ambiguity in the de-
termination of the strange quark mass.

For the B parameter, ChPT predicts −(1 − 3g2)/2
for the coefficient of the chiral log term instead of
3(1+3g2)/4 in (1) [20]. Therefore, the effect of the chiral
logarithm is almost negligible in practice. For BBs there
is no chiral logarithm as a function of sea quark mass in
partially quenched ChPT.

Figure 3 shows the chiral extrapolation of BBq(µb) at
µb = mb (= 4.8 GeV) and the fits without the chiral
logarithm. We also plot the quenched results (triangle).
The sea quark effect is small for this quantity.

Our unquenched results obtained with a linear chiral
extrapolation are

BBd
(mb) = 0.836(27)(+ 0

−27)(56), (5)

BBs(mb) = 0.850(22)(+18
− 0)(57)(+5

−0), (6)

BBs

BBd

= 1.017(16)(+53
− 0)(17)(+6

−0). (7)

The errors are the same as in fB, except for those as-
sociated with the chiral extrapolation (the second one).
We take the central value from the linear fit while using
the difference from the quadratic fit as an estimate of
systematic errors.

BSs
(mb) = 0.86(3)(7)

(N. Yamada, Lattice 2004)



Vcd



Semileptonic 3 point function

〈π|Vµ|H〉 ≡

(
pπ + pH −

m
2

H − m
2
π

q2
q

)
µ

m
2

H − m
2
π

q2
qµ+

f+(q2)

f0(q
2)

f||(Eπ) f⊥(Eπ)≡
√

2mH

(
p⊥,µ

)
vµ +

H π

Vµ(q2)
Q

q1

q2



q2 dependence

Fit to Becirevic-Kaidalov ansatz

Nearly final results:

Largest uncertainty due to heavy quark discretization: 7%

0 1 2
0.5

1

1.5
 

f
0

f
+

experiment

D!>!
0 1 2

q
2
 [GeV

2
]

0.5

1

1.5
 

f
0

f
+

experiment

D!>K

M. Okamoto, Lattice 2004

fD→π
+ (0) = 0.64(3)(5), fD→K

+ = 0.73(3)(6)



Combining f.f. with experiment

0.2 0.25 0.8 1 1.2

PDG’02

n
f
=3

n
f
=0

(APE ’01)

|V
cd

| |V
cs

|

(this work)

M. Okamoto, Lattice 2004

|Vcd| = 0.239(10)(19)(20), |Vcs| = 0.969(39)(78)(24)



Vcb



slide from M. Okamoto, Lattice 2004
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Unitarity check:



Vub



q2 dependence

Fit to Becirevic-Kaidalov 
ansatz (B* pole plus 
effective pole)

Result:

J. Shigemitsu, E. Gulez, Lattice 2004

f0(0) = f+(0) = 0.25(2)



slides from J. Shigemitsu, Lattice 2004
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Experimental rates for

yield

  

              from lattice competitive to experiment + 

Complementary to semileptonic decay analysis

from leptonic decays and lattice

K → µ νµ(γ)π → µ νµ(γ)

|Vus|
W. Marciano, hep-ph/0402299

C. Bernard, Lattice 2004

fK/fπ |Vus|

|Vus|2f2
K

|Vud|2f2
π

= 0.07602 ± 0.00023expt ± 0.00027rad

fK/fπ = 1.210 ± 0.004stat ± 0.013χ,a

⇒ |Vus| = 0.2219 ± 0.0026lattice



K to pi form factors vs. q2

D. Becirevic, et al., hep-ph/0403217

slide from V. Lubicz, Lattice 2004

fK
0
π
−

+ (0) = 0.960 ± 0.005stat ± 0.007sys ±0.???quench
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Bottomonium Spectrum

Spin-averaged splittings Hyperfine splittings
Preliminary



cc



Zero is spin average of 1S states

Results in physical sea quark mass limit (mild dependence)

J. Simone, et al. (FNAL)

Preliminary



Bc



Bc meson mass

Quarkonium baseline

Heavy-light meson baseline

Further study of lattice spacing dependence underway

I. Allison, et al., (Glasgow/FNAL), Lattice 2004

Preliminary

mBc
−

1

2
(mψ + mΥ)

mBc
− (mDs

+ mBs
)

The Bc Meson, Lattice 2004 9!
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Systematic errors

• The valence quark masses were varied and the effects studied

• Tadpole improvement value was varied for the NRQCD quark

propagator

• Calculations are in progress at a finer lattice spacing (∼ 0.08 fm)

• We estimate the effect of discretisation on the higher order terms

in the Fermilab action (Darwin term and (p2)2/8m3
2) and higher

order relativistic corrections to NRQCD

The Bc Meson, Lattice 2004 10!

"

#

$

Conclusion

• The inclusion of dynamical fermions in our calculations allows us

to make a precise first principles prediction of the Bc ground

state mass

MBc
= 6.295(20) GeV (1)

5.8

6

6.2

6.4

6.6

6.8

7

M
a
s
s
 (

G
e
V

 c
-2

)

MBc

Lattice(quenched) Shannahan et. al.
Expt. F.Abe et. al.

Eichten and Quigg
Kwong and Rosner

Present work



Summary

Lattice QCD is needed to account for hadronic contributions to 
flavor-changing interactions

Improved staggered sea quarks allow unquenched simulations with 
light masses

Preliminary results/work in progress

Heavy-light decay constants

Neutral B mixing

Semileptonic form factors for heavy-light mesons

Neutral K mixing

Calculations which are predictions for CLEO-c will bolster those 
which are not experimentally accessible directly

≈ ms/8
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