Likelihood FitsAugust 19, 2002

What is the Question?of many B J/ KS decays andmomentum and then wish to derive aThe question is: What is the best wayto do this?

Likelihood Method|a) ” P depends on.yielding a set of Xi�s. The likelihood functionis defined as

L = ( )

=� P X i

iN |a1

a L is knownas the Maximum Likelihood Estimatora, which we will denote as a*.ln(L).

Suppose we measure a variable x, whichwe believe is Gaussian, and wish to

P x e x

( | , )m s p s ms

= - -( ) 1 2 222

ln ln

L = - N x iiN2 221

p s m s ( ) - -( )=�

and s

ms m

** * = = = - ( ) =-� xN xx N x xi i2 2 2 2

Bias, Consistency,and EfficiencyUnbiased � Consistent �Efficient � is minimalMaximum Likelihood Estimators areNOT unbiased but are consistent and

a a* = 0 aa* -( )0 2

Other Types of FitsChi-square: If data is binned and uncertainties, then maximum likelihoodis equivalent to a 2Binned If data is binned and not , canstill do a binned likelihood fit. Common caseis when data are Poisson distributed.

P e n P

i ni i binsi i

= ( )

= -�m m! ln lnL

Comparison of FitsChi-square: Goodness of fit. C a n p l o t f u n c t i o n w i t h b i n n e d Data must be , in particular, 2 doesn�t do well with bins with a small likelihood: Goodness of fit? C a n p l o t f u n c t i o n w i t h b i n n e d data. Still need to be careful of bins witht add in likelihood: Usually most powerful. t need to bin data. Works well for multi-dimensional data. No goodness of fit estimate. Can�t plot fit with data.

Consider again, the mean and widthof a Gaussian.

m m m s s * * = = = =

= -� � �1111 0 0 02 2 N x N x N N N i i

Note that the MLE of the mean is unbiased,But for the width squared is not.is unbiased.

~ * s m 2 21=-( )-� xNi

Uncertainty onThe maximum likelihood method also

ln ln ln ln* ** * L L L L * @ + -()

� ” -

( ) =-= =1 2 12 2 2

2 0 2 2 2 ¶ ¶a a a a a a ¶ ¶a a a a a D

We usually write this as

aaa=–* Daaa= – = -* *, ln lnD L L 12

Likelihood Example

012302468aln L( )*-

may not be parabolic and

aa_a=_-^+_-^{+*}L^{= 1/2 interval does NOT}01230123456aln L(a) *

V_{ij i i j j} = -

( )

-

( )

a a a a

-1 U_{ij} = -^¶

¶a ¶a

2 ln L_{i j}0123012345aba- L

Sometimes, people will say they don�tneed to normalize their probabilitydistributions. This is sometimes true.Gaussian In general, if the normalization dependsit must be included.

1 2/ p s

Extended LikelihoodSuppose we have a Gaussian distribution with a flat backgroundevents in the Gaussian.

P f e f M S M M S

= + -( ) - - ( ) 1 2 1 1 0 2 22 p s s D fSand fSDf.S, but NfS is actually binominally We can fix this by adding a Poisson termin the total number of events. This is calledan Extended Likelihood fit.

Constrained Fitslikelihood that is somewhat knowns. Suppose the Particle Data Book lists0sM.

L =_Ø^ºŒ_ø^ßœ

- -( ) - -( ) � 1 2 12 0 2 2 22 2 2 p s p s s s MMM mM iNe eM i

This is only useful of sM and the resolution

Simple Monte Carlo Tests likelihood function. Tests for bias.� Tests that uncertainty from fit is correct.think that some data is Gaussian but it is really Lorentzian, then the simple

Goodness of FitUnfortunately, the likelihood methodc2 fit does). data to an exponential.

L = =( ) = - +�Ł� �ł� - � �GGeN t N tNtiN i ii** ln1

Thus the value of depends only on the number of events

Numerical MethodsMost likelihood fits have manybe done analytically.CERN for doing maximum likelihood fits.

varying them and redoing the fit.(often called double counting).probably with a high statistics Monte

Maximum Likelihood methods are atheir proper use and avoid potential