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S
tatistics o

f S
m

all S
ig

n
als

l
A

 p
artial d

iscu
ssio

n
 o

f a p
ap

er “U
n

ified
 A

p
p

ro
ach

to
 th

e C
lassical S

tatistical A
n

alysis o
f S

m
all

S
ig

n
als,” w

h
ich

 I w
ro

te w
ith

 B
o

b
 C

o
u

sin
s.  [P

h
ys.

R
ev. D

 57, 3873 (1988)]
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A
 S

im
p

le E
xam

p
le (1)

l
S

u
p

p
o

se yo
u

 are search
in

g
 fo

r a rare p
ro

cess an
d

 h
ave a

w
ell-kn

o
w

n
 exp

ected
 b

ackg
ro

u
n

d
 o

f 3 even
ts, an

d
 yo

u
o

b
serve 0 even

ts.  W
h

at 90%
 co

n
fid

en
ce lim

it can
 yo

u
 set o

n
th

e u
n

kn
o

w
n

 rate fo
r th

is rare p
ro

cess?
l

A
 classical (o

r freq
u

en
tist) statistician

 m
akes a statem

en
t

ab
o

u
t th

e p
ro

b
ab

ility o
f d

ata g
iven

 th
eo

ry
.  T

h
at is, g

iven
 a

h
yp

o
th

esis fo
r th

e valu
e o

f an
 u

n
kn

o
w

n
 tru

e valu
e µ, h

e o
r

sh
e w

ill g
ive yo

u
 th

e p
ro

b
ab

ility o
f o

b
tain

in
g

 a set o
f d

ata x,
P

(x | µ
).

l
A

 classical co
n

fid
en

ce in
terval (Jerzy N

eym
an

, 1937
) is a

statem
en

t o
f th

e fo
rm

: T
h

e u
n

kn
o

w
n

 tru
e valu

e o
f µ lies in

th
e reg

io
n [µ

1 ,µ
2 ].  If th

is statem
en

t is m
ad

e at th
e 90%

co
n

fid
en

ce level, th
en

 it w
ill b

e tru
e 90%

 o
f th

e tim
e, an

d
false 10%

 o
f th

e tim
e.
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A
 S

im
p

le E
xam

p
le (2)

l
P

o
isso

n
 statistics P

(x =
 0 | µ

 =
 2.3) =

 0.1.  T
h

erefo
re, in

 th
e

“stan
d

ard
” classical ap

p
ro

ach
, µ

 <
 2.3 at 90%

 C
.L

.  S
in

ce µ
 =

s +
 b

, an
d

 b
 =

 3.0
, s <

 -0.7 at 90%
 C

.L
.

l
T

h
u

s, w
e are led

 to
 a statem

en
t th

at w
e kn

o
w

 is a p
rio

ri false.
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B
ayesian

 S
tatistics

l
A

 B
ayesian

 takes th
e o

p
p

o
site

 p
o

sitio
n

 fro
m

 a classical
statistician

.  H
e o

r sh
e calcu

lates th
e p

ro
b

ab
ility o

f th
eo

ry
g

iven
 d

ata.  T
h

at is, g
iven

 a set o
f d

ata x, h
e o

r sh
e w

ill
calcu

late th
e p

ro
b

ab
ility th

at th
e u

n
kn

o
w

n
 tru

e valu
e is µ

,
P

(µ
 | x).

l
T

h
is ap

p
ears attractive b

ecau
se it is w

h
at yo

u
 really w

an
t to

kn
o

w
.  H

o
w

ever, it co
m

es at a p
rice:
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B
ayes’s T

h
eo

rem

l
P

(x | µ
) an

d
 P

(µ
 | x

) are
 related

 b
y B

ayes
’s T

h
eo

rem
, w

h
ich

 in
set th

eo
ry is th

e statem
en

t th
at an

 elem
en

t is in
 b

o
th

 A
 an

d
 B

is
P

(A
 | B

) P
(B

) =
 P

(B
 | A

) P
(A

)
w

h
ich

 fo
r p

ro
b

ab
ilities b

eco
m

es
P

(µ
 | x) =

 P
(x | µ

) P
(µ

)/P
(x).

P
(x) is ju

st a n
o

rm
alizatio

n
 term

, b
u

t B
ayes

’s T
h

eo
rem

tran
sfo

rm
s P

(µ
), th

e p
rio

r d
istrib

u
tio

n
 o

f “d
eg

ree o
f b

elief” in
µ

, to
 P

(µ
 | x), th

e p
o

sterio
r d

istrib
u

tio
n

.

A
 “cred

ib
le in

terval” o
r “B

ayesian
 co

n
fid

en
ce in

terval” is
fo

rm
ed

 b
y

    
P

(m
|x

)d
m

m
1

m
2

Ú
=

9
0

%
.
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A
n

 E
xam

p
le (1)

l
S

u
p

p
o

se yo
u

 h
ave a larg

e n
u

m
b

er o
f m

arb
les, w

h
ich

 are
eith

er w
h

ite o
r b

lack, an
d

 yo
u

 w
ish

 in
fo

rm
atio

n
 o

n
 th

e
fractio

n
 th

at are w
h

ite, µ
.  Y

o
u

 d
raw

 a sin
g

le m
arb

le, an
d

 it is
w

h
ite.  W

h
at can

 yo
u

 say at 90%
 co

n
fid

en
ce?

C
lassical: 

µ
 ≥ 0.1

P
rio

r
B

ayesian
:

flat
µ

 ≥ 0.316
µ

µ
 ≥ 0.464

1/µ
µ

 ≥ 0.1
(1-µ)

µ
 ≥ 0.196

1/(1-µ
)

u
n

n
o

rm
alizab

le
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A
n

 E
xam

p
le (2)

l
N

o
tice th

at m
o

st o
f th

e B
ayesian

 p
rio

rs d
o

 n
o

t co
ver, i.e.,

th
ey are n

o
t tru

e statem
en

ts th
e stated

 fractio
n

 o
f th

e tim
e

(90%
 in

 th
is case).  T

h
ere is n

o
 req

u
irem

en
t th

at cred
ib

le
in

tervals co
ver.  H

o
w

ever, B
o

b
 C

o
u

sin
s w

arn
s [A

m
. J. P

h
ys.

63, 398 (1995)],

“…
if a B

ayesian
 m

eth
o

d
 is kn

o
w

n
 to

 yield
 in

tervals w
ith

freq
u

en
tist co

verag
e ap

p
reciab

ly less th
an

 th
e stated

 C
.L

. fo
r

so
m

e p
o

ssib
le valu

e o
f th

e u
n

kn
o

w
n

 p
aram

eters, th
en

 it
seem

s to
 h

ave n
o

 ch
an

ce o
f g

ain
in

g
 co

n
sen

su
s accep

tan
ce

in
 p

article p
h

ysics.”
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T
h

e R
o

le o
f

 B
ayesian

 S
tatistics (1)

l
H

arriso
n

 P
ro

sp
er [P

h
ys. R

ev. D
 37, 1153 (1988)] arg

u
es fo

r a
1/µ

 p
rio

r b
ased

 o
n

 a scalin
g

 arg
u

m
en

t.  I fo
u

n
d

 it
u

n
satisfacto

ry fo
r tw

o
 reaso

n
s:

l
It fails fo

r x
 =

 0.  (U
n

n
o

rm
alizab

le)
l

In
 g

en
eral, it u

n
d

erco
vers.

l
T

o
 q

u
o

te B
o

b
’s p

ro
se fro

m
 o

u
r p

ap
er:

l
“In

 o
u

r view
, th

e attem
p

t to
 fin

d
 a n

o
n

-in
fo

rm
ative p

rio
r

w
ith

in
 B

ayesian
 in

feren
ce is m

isg
u

id
ed

.  T
h

e real p
o

w
er

o
f B

ayesian
 in

feren
ce lies in

 its ab
ility to

 in
co

rp
o

rate
‘in

fo
rm

ative
’ p

rio
r in

fo
rm

atio
n

, n
o

t ‘ig
n

o
ran

ce.’”
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T
h

e R
o

le o
f

 B
ayesian

 S
tatistics (2)

l
P

ro
sp

er w
ro

te th
at h

e w
as u

sin
g

 a B
ayesian

 ap
p

ro
ach

b
ecau

se

l
“…

w
e are m

erely ackn
o

w
led

g
in

g
 th

e fact th
at a co

h
eren

t
so

lu
tio

n
 to

 th
e sm

all-sig
n

al p
ro

b
lem

 is m
o

re easily
ach

ieved
 w

ith
in

 a B
ayesian

 fram
ew

o
rk th

an
 o

n
e w

h
ich

u
ses th

e m
eth

o
d

s o
f ‘classical’ statistics.”

l
T

h
ro

u
g

h
 th

is talk, I h
o

p
e to

 co
n

vin
ce yo

u
 th

at th
is is n

o
lo

n
g

er tru
e.
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C
o

n
stru

ctio
n

 o
f

C
o

n
fid

en
ce In

tervals

l
N

eym
an

’s p
rescrip

tio
n

:  B
efo

re d
o

in
g

 an
 exp

erim
en

t, fo
r

each
 p

o
ssib

le valu
e o

f th
eo

ry p
aram

eters d
eterm

in
e a reg

io
n

o
f d

ata th
at o

ccu
rs C

.L
. o

f th
e tim

e, say 90
%

.  A
fter d

o
in

g
 th

e
exp

erim
en

t, fin
d

 all o
f

valu
es o

f th
e th

eo
ry p

ar-
am

eters fo
r w

h
ich

 yo
u

r
d

ata is in
 th

eir 90%
reg

io
n

.  T
h

is is th
e

co
n

fid
en

ce in
terval.

l
N

o
tice th

at th
ere is co

m
-

p
lete freed

o
m

 o
f ch

o
ice

o
f w

h
ich

 90%
 to

 ch
o

o
se.

T
h

is w
ill b

e th
e key to

 o
u

r
so

lu
tio

n
.
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E
xam

p
les o

f P
o

isso
n

C
o

n
fid

en
ce B

elts

• F
o

r o
u

r exam
p

le: 90%
 C

.L
. lim

its fo
r P

o
isso

n
 µ

 w
ith

   b
ackg

ro
u

n
d

 =
 3 

U
p

p
er lim

its
C

en
tral lim

its
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T
h

e S
o

lu
tio

n

l
F

o
r b

o
th

 th
e u

p
p

er lim
it an

d
 cen

tral lim
it, x =

 0 exclu
d

es th
e

w
h

o
le p

lan
e.  B

u
t co

n
sid

er th
e p

ro
b

lem
 fro

m
 th

e p
o

in
t o

f
view

 o
f th

e d
ata.  If o

n
e m

easu
res n

o
 even

ts, th
en

 clearly th
e

m
o

st likely valu
e o

f µ
 is zero

.  W
h

y sh
o

u
ld

 o
n

e ru
le o

u
t th

e
m

o
st likely scen

ario
?

l
T

h
erefo

re, w
e p

ro
p

o
sed

 a n
ew

 o
rd

erin
g

 p
rin

cip
le b

ased
 o

n
th

e ratio
 o

f a g
iven

 µ
 to

 th
e m

o
st likely µ

:

w
h

ere µ
* is th

e m
o

st likely valu
e o

f µ
 g

iven
 x.

    

†
 

R
=

P
(x

|m
)

P
(x

|m
*)
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A
n

 E
xam

p
le (1)

l
E

xam
p

le fo
r µ

 =
 0.5 an

d
 b

 =
 3:

   x
0.121

0.140
5.0

0.017
8

  x
   x

0.259
0.149

4.0
0.039

7

  x
   x

7
0.480

0.161
3.0

0.077
6

  x
   x

4
0.753

0.175
2.0

0.132
5

  x
   x

1
0.966

0.195
1.0

0.189
4

  x
   x

2
0.963

0.224
0.0

0.216
3

  x
   x

3
0.826

0.224
0.0

0.185
2

  x
   x

5
0.708

0.149
0.0

0.106
1

6
0.607

0.050
0.0

0.030
0

C
.L

.
U

.L
.

ran
k

R
P

(x
|µ

*)
µ

*
P

(x
|µ

)
x
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U
n

ified
 P

o
isso

n
 L

im
its

l
90%

 C
.L. unified

 lim
its for P

oisson µ
 w

ith background =
 3

•  S
o

lu
tio

n
 to

 o
u

r o
rig

in
al p

ro
b

lem
: µ

 <
 1.08 at 90%

 C
.L

.
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E
xam

p
les o

f G
au

ssian
C

o
n

fid
en

ce B
elts

•  90%
 C

.L. lim
its for G

aussian µ
 ≥ 0 vs. x (total – background) in s

U
p

p
er L

im
its

C
en

tral L
im

its
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F
lip

-F
lo

p
p

in
g

 (1)

l
H

o
w

 d
o

es a typ
ical p

h
ysicist u

se th
ese p

lo
ts?

l
“If th

e resu
lt x <

 3s
, I w

ill q
u

o
te an

 u
p

p
er lim

it.”

l
“If th

e resu
lt x >

 3s
, I w

ill q
u

o
te a cen

tral co
n

fid
en

ce
in

terval.”

l
“If th

e resu
lt x <

 0, I w
ill p

reten
d

 I m
easu

red
 zero

.”
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F
lip

-F
lo

p
p

in
g

 (2)

l
T

h
is resu

lts in
 th

e fo
llo

w
in

g
:

l
In

 th
e ran

g
e 1.36 ≤ µ

 ≤ 4.28, th
ere is o

n
ly 85%

 co
verag

e!
l

D
u

e to
 flip

-flo
p

p
in

g
 (d

ecid
in

g
 w

h
eth

er to
 u

se an
 u

p
p

er lim
it

o
r a cen

tral co
n

fid
en

ce reg
io

n
 b

ased
 o

n
 th

e d
ata) th

ese are
n

o
t valid

 co
n

fid
en

ce in
tervals.
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U
n

ified
 S

o
lu

tio
n

 fo
r

th
e G

au
ssian

 C
ase (1)

l
N

o
tes:

l
T

h
is ap

p
ro

ach
es th

e cen
tral lim

its fo
r x >

>
1

l
T

h
e u

p
p

er lim
it fo

r x =
 0 is 1.64, th

e tw
o

-sid
ed

 rath
er th

an
th

e o
n

e-sid
ed

 lim
it.
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U
n

ified
 S

o
lu

tio
n

 fo
r

th
e G

au
ssian

 C
ase (2)

l
N

o
tes (co

n
tin

u
ed

):

l
F

ro
m

 th
e d

efin
in

g
 1937 p

ap
er o

f N
eym

an
, th

is is th
e o

n
ly

valid
 co

n
fid

en
ce b

elt, sin
ce th

ere are 4 req
u

irem
en

ts fo
r a

valid
 b

elt:

(1) It m
u

st co
ver.

(2) F
o

r every x, th
ere m

u
st b

e at least o
n

e µ
.

(3) N
o

 h
o

les (o
n

ly valid
 fo

r sin
g

le µ
).

(4) E
very lim

it m
u

st in
clu

d
e its en

d
 p

o
in

ts.
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S
en

sitivity

l
T

h
e m

ain
 o

b
jectio

n
 to

 th
is w

o
rk h

as b
een

 th
at an

 exp
erim

en
t

th
at o

b
serves few

er even
ts th

an
 th

e exp
ected

 b
ackg

ro
u

n
d

m
ay rep

o
rt a lo

w
er u

p
p

er lim
it th

an
 a (b

etter d
esig

n
ed

 ?
)

exp
erim

en
t th

at h
as n

o
 b

ackg
ro

u
n

d
.

l
T

o
 ad

d
ress th

is p
ro

b
lem

 an
d

 to
 p

ro
vid

e ad
d

itio
n

al
in

fo
rm

atio
n

 fo
r th

e read
er’s assessm

en
t o

f th
e sig

n
ifican

ce
o

f th
e resu

lts, w
e su

g
g

ested
 th

at exp
erim

en
ts th

at h
ave

few
er co

u
n

ts th
an

 exp
ected

 b
ackg

ro
u

n
d

 also
 rep

o
rt th

eir
sen

sitivity
, w

h
ich

 w
e d

efin
ed

 as th
e averag

e
* u

p
p

er lim
it th

at
w

o
u

ld
 b

e o
b

tain
ed

 b
y an

 en
sem

b
le o

f exp
erim

en
ts w

ith
 th

e
exp

ected
 b

ackg
ro

u
n

d
 an

d
 n

o
 tru

e sig
n

al.      *S
h

o
u

ld
 b

e m
ed

ian

l
W

e d
id

 th
is in

 th
e N

O
M

A
D

 exp
erim

en
t an

d
 o

th
er exp

erim
en

ts
h

ave b
een

 d
o

in
g

 th
e sam

e th
in

g
.
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V
isit to

 H
arvard

 S
tatistician

s (1)

l
T

o
w

ard
s th

e en
d

 o
f th

is w
o

rk, I d
ecid

ed
 to

 try it o
u

t o
n

 so
m

e
p

ro
fessio

n
al statistician

s w
h

o
m

 I kn
o

w
 at H

arvard
.

l
  T

h
ey to

ld
 m

e th
at th

is w
as th

e stan
d

ard
 m

eth
o

d
 o

f
    co

n
stru

ctin
g

 a co
n

fid
en

ce in
terval!

l
   I asked

 th
em

 if th
ey co

u
ld

 p
o

in
t to

 a sin
g

le referen
ce o

f 
     an

yo
n

e u
sin

g
 th

is m
eth

o
d

 b
efo

re.

l
   T

h
ey co

u
ld

 n
o

t.
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V
isit to

 H
arvard

 S
tatistician

s (2)

l
T

h
eir lo

g
ic:

l
In

 statistical th
eo

ry th
ere is a o

n
e-to

-o
n

e co
rresp

o
n

d
en

ce
b

etw
een

 a h
yp

o
th

esis test an
d

 a co
n

fid
en

ce in
terval.

(T
h

e co
n

fid
en

ce in
terval is a h

yp
o

th
esis test fo

r each
valu

e in
 th

e in
terval.)

l
T

h
e N

eym
an

-P
earso

n
 T

h
eo

rem
 states th

at th
e likelih

o
o

d
ratio

 g
ives th

e m
o

st p
o

w
erfu

l h
yp

o
th

esis test.

l
T

h
erefo

re, it m
u

st b
e th

e stan
d

ard
 m

eth
o

d
 o

f
co

n
stru

ctin
g

 a co
n

fid
en

ce in
terval.
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K
en

d
all an

d
 S

tu
art (1961)

l
S

o
 I started

 read
in

g
 ab

o
u

t h
yp

o
th

esis testin
g

.

l
A

t th
e start o

f ch
ap

ter 24 o
f K

en
d

all an
d

 S
tu

art’s T
h

e
A

d
van

ced
 T

h
eo

ry o
f S

tatistics
  (ch

ap
ter 23 o

f S
tu

art an
d

O
rd

), I fo
u

n
d

 1 1/4 cryp
tic p

ag
es th

at p
ro

p
o

se th
is m

eth
o

d
an

d
 its exten

sio
n

 to
 erro

rs o
n

 th
e b

ackg
ro

u
n

d
.

l
W

e w
ere ab

le to
 in

clu
d

e a referen
ce to

 K
en

d
all an

d
 S

tu
art in

a n
o

te ad
d

ed
 in

 p
ro

o
f to

 o
u

r p
ap

er.
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E
xten

sio
n

s

l
T

h
is tech

n
iq

u
e is m

o
re g

en
eral th

an
 th

e sim
p

le exam
p

les
d

escrib
ed

 h
ere.

l
T

h
e p

ap
er d

iscu
sses th

e ap
p

licatio
n

 to
 n

eu
trin

o
 o

scillatio
n

s,
in

 w
h

ich
 lim

its are set o
n

 tw
o

 p
aram

eters, sin
22q an

d
 D

m
2,

sim
u

ltan
eo

u
sly.

l
It can

 also
 b

e exten
d

ed
 to

 cases in
 w

h
ich

 th
e b

ackg
ro

u
n

d
s

are n
o

t p
recisely kn

o
w

n
 (b

u
t w

e h
ave n

o
t yet p

u
b

lish
ed

 th
is).

l
In

 fact, I h
ave yet to

 fin
d

 a p
ro

b
lem

 in
 th

e co
n

stru
ctio

n
 o

f
classical co

n
fid

en
ce in

tervals an
d

 reg
io

n
s th

at is n
o

t
so

lvab
le b

y th
e o

rd
erin

g
 p

rin
cip

le su
g

g
ested

 h
ere.


