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The D-Wave  
quantum annealer
Claim: Can solve hard

optimization problems

using quantum mechanics



Classical optimization; a physics analogy
Minimize a ‘cost function’ dependent on many parameters

- Cost function ⟺ energy E(X)

- Parameters ⟺ configuration space, X={x1,x1,…,xN}

Statistical Physics:

hEi = 1

Z

Z
dXE(X)e�E(X)/T

lim
T!0

hE(T )i = E0

Example: MC simulations



Transition into liquid state has taken place
Slow movement & growth of droplets 
- simulation is not strictly equilibrated
Is there a better way to reach equilibrium at low T?

Let’s lower the temperature….



Annealing a metal:  
Removal of crystal defects by heating  
followed by slow cooling
Simulated Annealing: 
MC with slowly decreasing T 
- Kirkpatric, Gelatt, Vecci, 1983
Quantum mechanics analogy 
- quantum annealing

Quantum tunneling
Thermal fluctuations



Quantum Annealing
Reduce quantum fluctuations as a function of time 
- start with a simple quantum mechanical Hamiltonian 
- end with a complicated classical Hamiltonian (potential)

Adiabatic Theorem:
If the annealing velocity v is small enough 
the system stays in the ground state of H[s(t)] at all times
At t=tmax we then know the minimum of V(x):  (x) = �(x� x0)

[Hquantum, Hclassical] 6= 0

H(s) = sHclassical + (1� s)Hquantum

s(t) = vt, v = 1/tmax

Single-particle example (not practical)

- if slow enough annealing 
- deviations for finite annealing time

Hclassical = V (x) Hquantum = � ~2
2m

d
2

dx2

- annealing would correspond to m → m/(1-s)   (→ ∞ when s → 1)



Particle in a box: mass 1 → ∞, potential 0 → 1
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final state
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final state



Hard to find ground states if the interactions  
are highly frustrated (spin glass phase) 
- many states with same or almost same energy

Many optimization problems can be  
mapped onto some general Ising model 
- hard problems correspond to spin glass physics
Introduce quantum fluctuations; quantum spin glasses  
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 T>0 Glass phase: <𝜎i> ≠ 0, spins “frozen” in time 
- many different such thermodynamic (stable) states

Can quantum annealing be more efficient than thermal annealing?

Useful paradigm for quantum computing? 
- Kadowaki, Nishimori 1996, Farhi et al. 2001,…
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J = �1
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J = +1

- when implemented as a device



Annealing through a quantum phase transition

Kibble-Zurek mechanism 
- time remaining to transition ~ 𝝉 →

Other dynamical effects inside ordered 
phases (e.g., quantum coarsening)

�(L) / L�z (continuous transition)

�(L) / e�aL (first-order transition)
Suggesting QA efficient if first-order

transition can be avoided

Many quantum phase transitions have

a gap minimum at the transition point

- scaling in system size (length) L

Glass-type phases have avoided level crossing, small gaps 

- QA to classical ground state likely scales exponentially

Relaxation time: 
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⌧ ⇠ ⇠z ⇠ ��z ! Lz

Classical version:

Kibble 1976

Zurek 1985
Quantum case:

Polkovnikov, 2005

Dziarmaga, 2005

Zurek, Dorner, Zoller, 2005

- quasi-adiabatic to critical point if tanneal ~  L(z+1/𝜈)

Fig from Farhi, Gossett,

Hen, Sandvik, Shor, Young.

Zamponi, PRA 2012

EDWARD FARHI et al. PHYSICAL REVIEW A 86, 052334 (2012)

s = 1
2 . For each c = 1, . . . ,N define the operator

Xc = σ i1,c
z σ i2,c

z σ i3,c
z . (6)

We also define, for each clause c, a bit string y⃗c,

y⃗c = M−1êc.

Here êc is the unit vector with components (êc)i = δic. Note
that y⃗c is the unique bit string which violates clause c and
satisfies all other clauses. Such a bit string is guaranteed to
exist since M is invertible. Let yc

i denote the ith bit of the
string y⃗c. Define, for each c = 1, . . . ,N ,

Zc =
N∏

i=1

[
σ i

x

]yc
i . (7)

Note that

{Zc,Xc} = 0

and

[Zc,Xc′ ] = 0 for c ̸= c′.

For each bit i = 1, . . . ,N , let c1(i),c2(i),c3(i) be the clauses
which bit i participates in. Then

σ i
x = Zc1(i)Zc2(i)Zc3(i). (8)

This follows from the fact that

Mêi = êc1(i) + êc2(i) + êc3(i)

and so

êi = M−1 (
êc1(i) + êc2(i) + êc3(i)

)

= y⃗c1(i) + y⃗c2(i) + y⃗c3(i).

The above equation and the definition Eq. (7) show Eq. (8).
Now using Eqs. (8) and (6), write

H (s) = (1 − s)
N∑

i=1

(
1 − σ i

x

2

)
+ s

N∑

c=1

(
1 − σ i1,c

z σ
i2,c
z σ i3,c

z

2

)

(9a)

= (1 − s)
N∑

i=1

(
1 − Zc1(i)Zc2(i)Zc3(i)

2

)

+ s

N∑

c=1

(
1 − Xc

2

)
. (9b)

The X and Z operators satisfy the same commutation
relations as the operators σx and σz. Comparing Eq. (9b) with
Eq. (5) we conclude that the spectrum of H (s) is the same as
the spectrum of HDUAL(1 − s). This result can be thought of
as an extension of the duality of the one-dimensional random
Ising model in a transverse field (see, e.g., Ref. [35]).

In Fig. 2 we show the first four energy levels of the
interpolating Hamiltonian H (s) = sHB + (1 − s)HP as a
function of s for one 16-bit instance of 3-XORSAT. The duality
transformation means that these energy levels are the same as
for the interpolating Hamiltonian H ′(s) = sHP,DUAL + (1 −
s)HB , which involves the dual instance. Evident from the figure
is the apparent symmetry of the energy levels around s = 1/2.
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FIG. 2. (Color online) First four energy levels of the interpolating
Hamiltonian for a 16-bit instance of the 3-regular 3-XORSAT
problem. The energy curves for this instance are close to being
symmetric about s = 1/2. Our duality transformation means that
sending s → (1 − s) we obtain the spectrum of the interpolating
Hamiltonian for a different instance from the same ensemble,
obtained by interchanging the clauses and bits.

In this case the instance and its dual are similar from the point
of view of the QAA.

The duality argument given here has implications for the
phase transition which occurs in the ensemble of random
instances of 3-regular 3-XORSAT as N → ∞. Our numerics
in Sec. IV show that for large N , the ground-state energy
per spin as a function of s (averaged over the ensemble of
instances) has a nonzero derivative as s → 1

2 . The duality
transformation given here implies that this curve is symmetric
about s = 1

2 . So there is a discontinuity in the derivative of this
curve at s = 1

2 , which is associated with a first-order phase
transition.

B. 3-regular max-cut

The second model we discuss is also a clause-based
problem. The instances we consider are not satisfiable and
we are interested in finding the assignment which gives the
maximum number of satisfied clauses. We view this problem
as minimizing a cost function that computes the number of
unsatisfied clauses. The 3-regular max-cut problem is defined
on N bits, and each bit appears in exactly three clauses. Each
clause involves two bits and is satisfied if and only if the sum of
the two bits (modulo 2) is 1. The number of clauses is therefore
M = 3N/2. The problem Hamiltonian is

HP =
∑

c

(
1 + σ i1,c

z σ i2,c
z

2

)
. (10)

The ground state of this Hamiltonian encodes the solution
to the max-cut problem.

The model can also be viewed as an antiferromagnet on a
3-regular random graph. Because the random graph in general

052334-4

3-regular 3-XORSAT, 16 bits 

<latexit sha1_base64="3uox7K9qUU1oPPJulHySm1rkGn0="></latexit>

⇠v / v�⌫/(z⌫+1) (if ⌧ L)



Classical simulated annealing, Kibble-Zurek scaling
- anneal from high T to Tc: time needed to stay in equilibrium?
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time
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time
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tKZ ⇠ Lz+1/⌫ Animations by Cheng-Wei Liu



KZ mechanism → generalized finite-size scaling

Equilibrium finite-size scaling
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A(L, �, v) = L�/⌫f(�L1/⌫ , vLz+1/⌫), v = 1/tanneal
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A ⇠ � ! A(L, �) = L�/⌫f(�L1/⌫), � = T � Tc or � = s� sc

Simplest case: stop at critical point 𝜹=0, 

2D Ising
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� = 1/8, ⌫ = 1

Find dynamic  
exponent z by 
optimizing data 
collapse
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z ⇡ 2.17
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A = L�/⌫f(vLz+1/⌫)DYNAMIC SCALING AT CLASSICAL PHASE . . . PHYSICAL REVIEW B 89, 054307 (2014)
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FIG. 2. (Color online) The squared magnetization scaled by
L2β/ν after linear quenches to Tc, using Metropolis dynamics for 2D
Ising models of different sizes. The collapsed data correspond to the
first scaling form f1 in Eq. (22). The expected three different regimes
corresponding to different asymptotics can be clearly distinguished:
(left) approach to the equilibrium critical scaling in the quasiadiabatic
regime v ! vKZ(L), (center) power-law scaling in the universal
regime vKZ (L) ≪ v ≪ 1, and (rightmost points for each L) deviations
from the scaling function in the diabatic regime v " 1. The vertical
dashed line shows the point separating the two fitting windows used in
the optimization of the data collapse (varying z); to the left, the fitted
function approximating f1 in the quasiadiabatic regime is a high-order
polynomial, and to the right a pure power law (straight line) given
by Eq. (18) is used to account for the universal scaling behavior. The
diabatic tails for each L were not included in the fits. The dynamic
exponent used in scaling the x axis was adjusted to obtain the overall
best simultaneous fits of the data in the quasiadiabatic and universal
scaling regimes, which resulted in zM = 2.172(3) with the goodness
of the fit χ 2/DOF ≈ 1.0. Error bars for the data points are all smaller
than the symbol sizes. The inset shows details of the L = 128 data in
the region where the behavior crosses over from universal scaling to
diabatic.

when increasingly large L is used (pushing the diabatic
crossover further to the right). As we discussed in Sec. II,
the scaling behavior allows one to determine the dynamic
exponent by carrying out a fitting procedure in which the
value of z is adjusted to give the optimal fit to all the data
included, which we quantify using the standard χ2 per degree
of freedom (DOF). We here use two different functional forms
to describe the function f1 in the fitting procedure, as in the
first two lines of Eq. (24), in two nonoverlapping windows
of the scaling argument vLz+1/ν . The “plateau and shoulder”
in Fig. 2 correspond to the quasiadiabatic regime v ! vKZ(L)
and we use a high-order polynomial fit in this window. For
practical purposes, to minimize the order of the polynomial
required, we fit to the log-log data instead of the original
data. The second window corresponds to the universal scaling
regime characterized by vKZ(L) ≪ v ≪ 1, where we use a
pure power-law fit (a straight-line fit on the log-log scale).

The point separating the two fitting windows is chosen such
that χ2 computed individually in each window is statistically
good. High-v data are excluded for each L when they deviate
from the common curve (in which case they will also ruin the
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FIG. 3. (Color online) The difference between the fitted function
f1(vLz+1/ν) and the scaled magnetization squared ⟨m2⟩L2β/ν (same
data as in Fig. 1). The vertical line shows the point separating the
two fitting windows. The points deviating significantly from the
horizontal line correspond to diabatic behavior and those points
were systematically excluded in the fitting procedure.

goodness of the fit, thus allowing for systematic exclusion
of diabatic data). There are of course scaling corrections
expected, as in standard finite-size scaling of equilibrium data,
but for the Ising model these are relatively small [55]. We
obtain good fits by considering system sizes L # 12. The
statistical error of z is computed by repeating the data-collapse
procedure many times with Gaussian noise added to the MC
data (with standard deviation given by the corresponding error
bars of the data). This procedure gives zM = 2.172(3), which
is in good agreement with values previously obtained, e.g., in
Refs. [25–28].

Figure 3 further illustrates the optimization procedure in
the form of the deviation of the two-piece fitting function
f1(vLz+1/ν) from the MC data for ⟨m2⟩L2β/ν . Statistically,
the data points fully obey the scaling collapse except for
those corresponding to the diabatic v " 1 regime (which are
excluded from the fits).

Note that the purpose of parametrizing the scaling function
and carrying out fits is only to provide a convenient way
to define the goodness of the data collapse. As long as the
imposed functional form is capable of reproducing the scaling
function to within the precision set by the error bars of the data
(which is self-consistently tested by the statistical soundness
of the fit quantified by χ2), this procedure in no way distorts
or biases the data collapse.

We discuss the diabatic regime next. Data collapse accord-
ing to the second of Eq. (22) is shown in Fig. 4. The dashed
line in Fig. 4 is drawn according the the value of x given by the
result of z from Fig. 2. However, independently, the power-law
behavior corresponding to the straight line allows one to
estimate the dynamic exponent in a straightforward manner
through this kind of analysis, given the relation between the
power (slope) x and z in Eq. (18). The advantage of this
procedure is that the rescaling of the data does not involve
any critical exponents at all. As we will discuss in more detail
in Sec. III A 3, using linear fit after taking log-log, we obtain
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where the scaling functions have the following asymp-
totics for x � 1 which gives the power-law scaling dis-
cussed above

fez (x) ⇠ x1/↵, fm2(x) ⇠ x�d/↵, (33)

and for x ⌧ 1 recovering the adiabatic limit

fez (x) ! 0, fm2(x) ! 1. (34)

We will evaluate the best scaling collapse for the QA
data and then discuss what this implies for the possi-
ble dynamics happening in the ordered phase of the QA
protocol.

D. Log Fidelity

The Log Fidelity falls under a di↵erent category as it
is related to the wave amplitudes directly making it a bit
di↵erent from the other discussions. In particular, due to
the fact that it measures the probability of being in the
ground state,

E. Results

First we show the application of the dynamic FSS anal-
ysis when the system is measured at the critical point.
We know the critical exponents and critical point to a
very high accuracy from other numerical methods and so
we simply just use the scaling forms discussed Sec. III B
to scale both axes and visually evaluate the quality of the
scaling collapse. For the observables we stuidy here we
need three exponents, ⌫ = 0.629971, � = 0.326419, and
z = 1 [65]. The results are shown in Fig. 10 for m2, e and
ez in panels (a), (b), and (c) respectively. All quantities
show a remarkably good scaling collapse given the small
system sizes. The dashed lines in each panel of Fig. 10
shows the asymptotic power-law behavior predicted by
the KZM. Notice here that the FSS for still work for e
and ez even though we have not reached a large enough
system size to see the asymptotic power-law scaling with
v. We believe that for the 2D-TFIM the convergence to
the asymptotic power-law behavior is particularly slow
for these quantities because this power-law behavior was
not observed in the 2D-TFIM even when simulating the
QA dynamics in imaginary time using quantum monte
carlo methods on system sizes up to L = 64 [48].

Next we turn our attention to the dynamic FSS analy-
sis at the end of the QA protocol discussed in Sec. III C.
In Fig. 11 we plot m2, and L(ez�ez,0) against vL2, which
corresponds to ↵ = 2, in panels (a) and (b) respectively.
Both quantities show a very good scale collapse indicat-
ing that ↵ = 2 is most likely the correct power-law re-
lationship between the velocity and the domain size in
this velocity regime. In the inset of panel (a) we show
m2 with a di↵erent y-axis scaling such that in the limit
vL↵

! 1 the scaling function should go to a constant
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FIG. 10. Nonequilibrium finite-size scaling collapse predicted
by the KZM for the order parameter m2, the excess energy
density, and the excess Ising energy density corresponding to
panels (a), (b) and (c) respectively. The critical exponents
⌫ and � used in this plot correspond to their known values
from high precision numerical methods and z = 1.The dashed
black lines in each of the panels correspond to the asymptotic
power-law behavior predicted by the KZM. We use the fol-
lowing critical exponents values ⌫ = 0.629971, � = 0.326419,
and z = 1.

(see Eq. 30) which appears to be the trend. It is inter-
esting to point out that here the scaling is not consistent
with KZ, which predicts ↵ = z+1/⌫ ⇡ 2.59; however, the
scaling collapse is consistent with the scaling arguments
based on the Landau-Zener model [22, 41, 42, 44] and
coarsening; however we do not see the cross-over to the
L3 scaling in the low-velocity limit as we observed in SA.
This seems natural given that the system sizes we simu-
late are small enough such that in a global expectation
value, the contributions from the system size spanning
domain walls are not di↵erent enough to be discernible
from the other contributions.
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FIG. 10. Nonequilibrium finite-size scaling collapse predicted
by the KZM for the order parameter m2, the excess energy
density, and the excess Ising energy density corresponding to
panels (a), (b) and (c) respectively. The critical exponents
⌫ and � used in this plot correspond to their known values
from high precision numerical methods and z = 1.The dashed
black lines in each of the panels correspond to the asymptotic
power-law behavior predicted by the KZM. We use the fol-
lowing critical exponents values ⌫ = 0.629971, � = 0.326419,
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(see Eq. 30) which appears to be the trend. It is inter-
esting to point out that here the scaling is not consistent
with KZ, which predicts ↵ = z+1/⌫ ⇡ 2.59; however, the
scaling collapse is consistent with the scaling arguments
based on the Landau-Zener model [22, 41, 42, 44] and
coarsening; however we do not see the cross-over to the
L3 scaling in the low-velocity limit as we observed in SA.
This seems natural given that the system sizes we simu-
late are small enough such that in a global expectation
value, the contributions from the system size spanning
domain walls are not di↵erent enough to be discernible
from the other contributions.
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Technical Description of the D-Wave Quantum Processing Unit

Fig. 2.1: Annealing functions A(s), B(s). Annealing begins at s = 0 with A(s) � B(s) and ends at
s = 1 with A(s) ⌧ B(s). Data shown are representative of D-Wave 2X systems.

2.3 Coupled rf-SQUID Qubits
The D-Wave QPU is built with a network of tunably coupled rf superconducting quantum–
interference device (rf-SQUID) qubits; see [Har2010_2]. The physical Hamiltonian of this
set of coupled rf-SQUIDs in the qubit approximation is

H = �
1
2 Â

i

h
Dq(FCCJJ(s))ŝ

(i)
x � 2hi|Ip(FCCJJ(s))|Fx

i (s)ŝ
(i)
z

i
+Â

i>j
Ji,j MAFM Ip(FCCJJ(s))2ŝ

(i)
z ŝ

(j)
z

(2.7)
where Dq is the energy difference between the two eigenstates of the rf-SQUID qubit with
no external applied flux (the degeneracy point) where the eigenstates are (|0i± |1i)/

p
2.

This energy difference captures the contribution of coherent tunneling between the two
wells. Ip represents the magnitude of the current flowing in the body of the rf-SQUID
loop; see Fig 2.2. MAFM is the maximum mutual inductance generated by the couplers
between the qubits (typically 2 pH), Fx

i (s) is an external flux applied to the qubits, and
FCCJJ(s) is an external flux applied to all qubit compound Josephson-junction structures to
change the potential energy shape of the rf-SQUID qubit.

To map this system to the Ising spin in the transverse field Hamiltonian discussed in the
Quantum Annealing with Ising Spins in a Transverse Field section, set Fx

i (s) = MAFM|Ip(s)|.
Thus, as FCCJJ(s) changes during the anneal, Fx

i (s) changes as required to keep the relative
energy ratio between the h and J terms constant. In particular, the physical flux applied
to the qubit to implement a fixed h value increases as the anneal progresses. Then, the
mapping to the Ising Hamiltonian becomes:

A(s) = Dq(FCCJJ(s))

B(s) = 2MAFM|Ip(FCCJJ(s))|2 (2.8)

The relationship between Dq(FCCJJ) and Ip(FCCJJ) is fixed by the physical parameters of
the rf-SQUID qubit. Changing the applied FCCJJ moves the rf-SQUID qubit along the curve
shown in .
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H(t) = A(s[t])Hquantum +B(s[t])Hclassical
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Fig. 2.1: Annealing functions A(s), B(s). Annealing begins at s = 0 with A(s) � B(s) and ends at
s = 1 with A(s) ⌧ B(s). Data shown are representative of D-Wave 2X systems.
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where Dq is the energy difference between the two eigenstates of the rf-SQUID qubit with
no external applied flux (the degeneracy point) where the eigenstates are (|0i± |1i)/
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This energy difference captures the contribution of coherent tunneling between the two
wells. Ip represents the magnitude of the current flowing in the body of the rf-SQUID
loop; see Fig 2.2. MAFM is the maximum mutual inductance generated by the couplers
between the qubits (typically 2 pH), Fx

i (s) is an external flux applied to the qubits, and
FCCJJ(s) is an external flux applied to all qubit compound Josephson-junction structures to
change the potential energy shape of the rf-SQUID qubit.

To map this system to the Ising spin in the transverse field Hamiltonian discussed in the
Quantum Annealing with Ising Spins in a Transverse Field section, set Fx

i (s) = MAFM|Ip(s)|.
Thus, as FCCJJ(s) changes during the anneal, Fx

i (s) changes as required to keep the relative
energy ratio between the h and J terms constant. In particular, the physical flux applied
to the qubit to implement a fixed h value increases as the anneal progresses. Then, the
mapping to the Ising Hamiltonian becomes:

A(s) = Dq(FCCJJ(s))

B(s) = 2MAFM|Ip(FCCJJ(s))|2 (2.8)

The relationship between Dq(FCCJJ) and Ip(FCCJJ) is fixed by the physical parameters of
the rf-SQUID qubit. Changing the applied FCCJJ moves the rf-SQUID qubit along the curve
shown in .
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s(t = 0) = 0

s(t = tanneal) = 1

The qubits at t=0 are prepared to 
<latexit sha1_base64="RN4kri/mv2VmoIFj3qzRAUMJpSI="></latexit>

�x
1 = 1, | ii = | "z + #zii

The spin-z states are recorded at t=tanneal (i.e, at s=1, H in classical limit)
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FIG. 1. Programmable quantum spin glasses. a, QA processor realizing a transverse-field Ising model in pairwise-coupled
superconducting flux qubits, into which various lattice geometries can be programmed. b, 16-spin graph used for small-scale
studies of Schrödinger evolution. Each line represents a coupling, whose energy is set to JG or �JG at random. c, 3D structure,
where gray bonds represent ferromagnetically coupled dimers and any two dimers have total coupling JG, �JG, or 0 between
them. d, The QA schedule guides the system from a quantum paramagnet toward a classical state by annealing �(s)/J (s)
over time ta. e, 3D quantum spin-glass phase diagram. Paramagnet and spin-glass phases are separated by a thermal phase
transition at temperature T = T 3D

c > 0 when � = 0, and a quantum phase transition at �3D
c when T = 0.

and J (s) is the energy scale of the classical Ising Hamilto-76

nian HI . Over annealing time ta, s = t/ta increases from77

0 to 1, annealing the system from a quantum paramagnet78

dominated by HD, to a classical Ising model dominated79

by HI , following an annealing schedule as in Fig. 1d. The80

coupling coe�cients Jij can be programmed into a vari-81

ety of 2D and 3D geometries, among others12,31,35–38 (the82

QA processor also provides programmable biases, which83

we set to zero in this study).84

Although our main focus is on large spin glasses, we85

first seek evidence of coherent quantum dynamics in an86

ensemble of small spin glasses. Taking the 16-spin graph87

in Fig. 1b, we generate spin-glass realizations with each88

coupling set to Jij = +1 or �1 uniformly at random.89

We select 100 spectrally unique realizations in which HI90

has two ground states and many first excited states. At91

this scale we can numerically evolve the time-dependent92

Schrödinger equation93

i~ d

dt
| (t)i = H(t/ta) | (t)i , (4)

for the wavefunction | (t)i, where H(s) is given by94

Eq. (1). Let |�i(s)i denote instantaneous eigenstates of95

H(s) with eigenvalues Ei(s). Su�ciently slow evolution96

results in adiabatic quantum optimization (AQO)39 into97

the twofold-degenerate final ground states |�0(1)i and98

|�1(1)i. The relevant timescale is proportional to ��2
min,99

where100

�min = min
s

|E2(s)� E0(s)| (5)

is the minimum parity-preserving eigengap. Faster an-101

neals have a higher probability of excitation.102

In Fig. 2a, we show spectral gaps Ei(s) � E0(s) for103

three 16-qubit examples: one with a small gap, one with104

a moderate gap, and one with a large gap. For fixed ta105

we define106

Pinst(s) =
X

n2{0,1}

|h�n(s)| (s)i|
2 , (6)

Pfinal(s) =
X

n2{0,1}

|h�n(1)| (s)i|
2 , (7)

which measure instantaneous probabilities of being in the107

ground or first excited state of H(s) and H(1), respec-108

tively. Since the classical ground states are twofold de-109

generate, Pfinal(1) gives the success probability of QA110

under Schrödinger dynamics. Fig. 2b tracks Pinst(s) and111

Pfinal(s) through anneals with ta = 14ns. The wavefunc-112

tion begins concentrated on the easily-prepared ground113

state at s = 0, and this probability decreases via Landau-114

Zener excitation in the vicinity of a small gap.115

We run QA experiments on each of these 100 in-116

stances using 192 disjoint sets of qubits in parallel. The117

Schrödinger excitation probability 1�PGS = 1�Pfinal(1)118

is compared against experimental QA excitation prob-119

ability in Fig. 2c; the probabilities are in close agree-120

ment with no fitting parameters used, showing an ap-121

proximately exponential form. Fig. 2d compares PGS for122

ta = 14ns across the entire 100-instance ensemble. In123

Extended Data Fig. E1 we compare probability distri-124

butions among ground and first excited states for QA,125

SA, SQA, and Schrödinger dynamics, and find that ex-126

perimental QA data are better explained by Schrödinger127

dynamics than by SA and SQA. The quantitative agree-128

ment between QA experiment and Schrödinger evolution129

up to ta = 30ns provides strong evidence for coherent130

quantum dynamics at small scale. We now consider crit-131

ical dynamics in large 3D spin glasses.132
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⌫ ⇡ 0.65, z ⇡ 1.3
To observe criticality in simulated or quantum annealing:
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tanneal / Lz+1/⌫ (N = L3 spins)

Much shorter time scale for given L in quantum annealing!

Slow dynamics in glass state: remnants of criticality in final state?
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FIG. 1. Programmable quantum spin glasses. a, QA processor realizing a transverse-field Ising model in pairwise-coupled
superconducting flux qubits, into which various lattice geometries can be programmed. b, 16-spin graph used for small-scale
studies of Schrödinger evolution. Each line represents a coupling, whose energy is set to JG or �JG at random. c, 3D structure,
where gray bonds represent ferromagnetically coupled dimers and any two dimers have total coupling JG, �JG, or 0 between
them. d, The QA schedule guides the system from a quantum paramagnet toward a classical state by annealing �(s)/J (s)
over time ta. e, 3D quantum spin-glass phase diagram. Paramagnet and spin-glass phases are separated by a thermal phase
transition at temperature T = T 3D

c > 0 when � = 0, and a quantum phase transition at �3D
c when T = 0.

and J (s) is the energy scale of the classical Ising Hamilto-76

nian HI . Over annealing time ta, s = t/ta increases from77

0 to 1, annealing the system from a quantum paramagnet78

dominated by HD, to a classical Ising model dominated79

by HI , following an annealing schedule as in Fig. 1d. The80

coupling coe�cients Jij can be programmed into a vari-81

ety of 2D and 3D geometries, among others12,31,35–38 (the82

QA processor also provides programmable biases, which83

we set to zero in this study).84

Although our main focus is on large spin glasses, we85

first seek evidence of coherent quantum dynamics in an86

ensemble of small spin glasses. Taking the 16-spin graph87

in Fig. 1b, we generate spin-glass realizations with each88

coupling set to Jij = +1 or �1 uniformly at random.89

We select 100 spectrally unique realizations in which HI90

has two ground states and many first excited states. At91

this scale we can numerically evolve the time-dependent92

Schrödinger equation93

i~ d

dt
| (t)i = H(t/ta) | (t)i , (4)

for the wavefunction | (t)i, where H(s) is given by94

Eq. (1). Let |�i(s)i denote instantaneous eigenstates of95

H(s) with eigenvalues Ei(s). Su�ciently slow evolution96

results in adiabatic quantum optimization (AQO)39 into97

the twofold-degenerate final ground states |�0(1)i and98

|�1(1)i. The relevant timescale is proportional to ��2
min,99

where100

�min = min
s

|E2(s)� E0(s)| (5)

is the minimum parity-preserving eigengap. Faster an-101

neals have a higher probability of excitation.102

In Fig. 2a, we show spectral gaps Ei(s) � E0(s) for103

three 16-qubit examples: one with a small gap, one with104

a moderate gap, and one with a large gap. For fixed ta105

we define106

Pinst(s) =
X

n2{0,1}

|h�n(s)| (s)i|
2 , (6)

Pfinal(s) =
X

n2{0,1}

|h�n(1)| (s)i|
2 , (7)

which measure instantaneous probabilities of being in the107

ground or first excited state of H(s) and H(1), respec-108

tively. Since the classical ground states are twofold de-109

generate, Pfinal(1) gives the success probability of QA110

under Schrödinger dynamics. Fig. 2b tracks Pinst(s) and111

Pfinal(s) through anneals with ta = 14ns. The wavefunc-112

tion begins concentrated on the easily-prepared ground113

state at s = 0, and this probability decreases via Landau-114

Zener excitation in the vicinity of a small gap.115

We run QA experiments on each of these 100 in-116

stances using 192 disjoint sets of qubits in parallel. The117

Schrödinger excitation probability 1�PGS = 1�Pfinal(1)118

is compared against experimental QA excitation prob-119

ability in Fig. 2c; the probabilities are in close agree-120

ment with no fitting parameters used, showing an ap-121

proximately exponential form. Fig. 2d compares PGS for122

ta = 14ns across the entire 100-instance ensemble. In123

Extended Data Fig. E1 we compare probability distri-124

butions among ground and first excited states for QA,125

SA, SQA, and Schrödinger dynamics, and find that ex-126

perimental QA data are better explained by Schrödinger127

dynamics than by SA and SQA. The quantitative agree-128

ment between QA experiment and Schrödinger evolution129

up to ta = 30ns provides strong evidence for coherent130

quantum dynamics at small scale. We now consider crit-131

ical dynamics in large 3D spin glasses.132

Two tests of quantum dynamics
3D connectivity on the D-wave Advantage QPU (Pegasus connectivity) 
- requires dimer geometry; two “hard coupled” qubits is a logical qubit
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FIG. 2. Coherent Schrödinger dynamics. a, For three exemplary 16-qubit spin glasses, we show the eight lowest eigengaps of
the time-dependent QA Hamiltonian. b, We evolve the Schrödinger equation for QA with ta = 14ns, tracking the wavefunction’s
probability of collapse onto the final (classical) ground-state manifold (Pfinal(s)) and the two lowest-energy instantaneous
eigenstates (Pinst(s)). Pfinal(1) is the final ground-state probability PGS of the Schrödinger evolution. c, 1� PGS for the same
three spin glasses, in experimental QA and Schrödinger evolution for a range of annealing times. d, Comparison of PGS for QA
and Schrödinger evolution for an ensemble of 100 16-spin glasses, for ta = 14ns. Error bars indicate 95% confidence intervals
for the average over parallel QA experiments using 192 di↵erent sets of qubits.

CRITICAL SPIN-GLASS DYNAMICS133

When a system is brought slowly (annealed) through a134

continuous phase transition, its dynamics slow down due135

to diverging correlations, and its macroscopic properties136

follow universal behavior described by critical exponents.137

Here we use extensions of the Kibble-Zurek (KZ) mech-138

anism40–48, which describes the generation of excitations139

as an annealed system falls out of equilibrium. We use140

a dynamic finite-size scaling (DFSS) ansatz46 (SM I) to141

relate time and the growth of correlations as functions142

of two critical exponents: ⌫, which describes the diver-143

gence of correlation length at a phase transition, and z,144

which describes divergence of the characteristic timescale145

of domain fluctuations. We investigate three annealing146

dynamics—QA, SQA, and SA—and their corresponding147

phase transitions.148

Spin-glass order is quantified via the overlap between149

two replicas (independently annealedN -spin states S and150

S0) of a given realization (set of couplings Jij):151

q =
1

N

NX

i=1

SiS
0
i

Si, S
0
i
2 {�1, 1}. (8)

The mean-squared Edwards-Anderson order parameter152

is given by hq2i, with h·i denoting an average over both153

independent replicas and realizations.154

Due to restrictions on the available coupling geometry,155

we program spin glasses in the 3D layout shown in Fig. 1c,156

which di↵ers from the simple cubic lattice: it has two157

qubits at every (x, y, z) coordinate, coupled as a dimer158

with strong ferromagnetic coupling Jij = �JFM = �2.159

Between neighboring cubic coordinates, we program a to-160

tal coupling of ±JG (0 < JG  1)—this coupling uses one161

coupler in the x and y directions, and in the z direction162

the coupling is equally divided between two couplers. We163

use open x- and y-boundaries and periodic z-boundaries.164

In this model, contracting the strongly-correlated165

dimers into individual spins yields the ±JG Ising spin166

glass on a simple cubic lattice, so we expect experimen-167

tal results to reflect criticality in the same universality168

class. Fig. 1e shows the model’s phase diagram in the �,169

T plane, where a spin-glass (SG) phase is separated from170

a disordered paramagnetic (PM) phase. At T = 0 there171

is a quantum critical point � = �c > 0. At � = 0 there172

is a finite-temperature classical transition at T = Tc > 0.173

Tuning JG while keeping JFM = 2 varies the details of174

the phase diagram, but not the qualitative picture.175

We measure hq2i for a range of ta, with linear sys-176

tem size L ranging from 5 to 12, in QA (Fig. 3a), SA177

(Fig. 3b), and SQA (Extended Data Fig. E6), for JG = 1.178

For Monte Carlo (MC) methods, ta is measured in MC179

sweeps (MCS). Although in all cases we anneal through180

the critical point rather than stopping at the critical181

point (see Methods), the system experiences a critical182

slowing down at the QPT. Due to slower dynamics in183

the glass phase, measurements in the final state approxi-184

mately reflect the relevant critical dynamics. The Binder185

cumulant186

U =
1

2

✓
3�

hq4i

hq2i2

◆
(9)

provides a statistical signature of phase transitions, and187

like hq2i, also grows with ta and 1/L, as seen in Fig. 3c–d.188

For U , any post-critical e↵ective scaling dimensions in189

hq2i2 and hq4i cancel, but the functional dependence on190

ta remains. Thus, under the DFSS ansatz, U(L, ta) is191

expected to collapse onto a common curve for all system192

sizes when ta is rescaled by L�z�1/⌫ (SM IB), reflecting193

the fact that the annealing time required for the system194
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FIG. 2. Coherent Schrödinger dynamics. a, For three exemplary 16-qubit spin glasses, we show the eight lowest eigengaps of
the time-dependent QA Hamiltonian. b, We evolve the Schrödinger equation for QA with ta = 14ns, tracking the wavefunction’s
probability of collapse onto the final (classical) ground-state manifold (Pfinal(s)) and the two lowest-energy instantaneous
eigenstates (Pinst(s)). Pfinal(1) is the final ground-state probability PGS of the Schrödinger evolution. c, 1� PGS for the same
three spin glasses, in experimental QA and Schrödinger evolution for a range of annealing times. d, Comparison of PGS for QA
and Schrödinger evolution for an ensemble of 100 16-spin glasses, for ta = 14ns. Error bars indicate 95% confidence intervals
for the average over parallel QA experiments using 192 di↵erent sets of qubits.

CRITICAL SPIN-GLASS DYNAMICS133

When a system is brought slowly (annealed) through a134

continuous phase transition, its dynamics slow down due135

to diverging correlations, and its macroscopic properties136

follow universal behavior described by critical exponents.137

Here we use extensions of the Kibble-Zurek (KZ) mech-138

anism40–48, which describes the generation of excitations139

as an annealed system falls out of equilibrium. We use140

a dynamic finite-size scaling (DFSS) ansatz46 (SM I) to141

relate time and the growth of correlations as functions142

of two critical exponents: ⌫, which describes the diver-143

gence of correlation length at a phase transition, and z,144

which describes divergence of the characteristic timescale145

of domain fluctuations. We investigate three annealing146

dynamics—QA, SQA, and SA—and their corresponding147

phase transitions.148

Spin-glass order is quantified via the overlap between149

two replicas (independently annealedN -spin states S and150

S0) of a given realization (set of couplings Jij):151

q =
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N
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The mean-squared Edwards-Anderson order parameter152

is given by hq2i, with h·i denoting an average over both153

independent replicas and realizations.154

Due to restrictions on the available coupling geometry,155

we program spin glasses in the 3D layout shown in Fig. 1c,156

which di↵ers from the simple cubic lattice: it has two157

qubits at every (x, y, z) coordinate, coupled as a dimer158

with strong ferromagnetic coupling Jij = �JFM = �2.159

Between neighboring cubic coordinates, we program a to-160

tal coupling of ±JG (0 < JG  1)—this coupling uses one161

coupler in the x and y directions, and in the z direction162

the coupling is equally divided between two couplers. We163

use open x- and y-boundaries and periodic z-boundaries.164

In this model, contracting the strongly-correlated165

dimers into individual spins yields the ±JG Ising spin166

glass on a simple cubic lattice, so we expect experimen-167

tal results to reflect criticality in the same universality168

class. Fig. 1e shows the model’s phase diagram in the �,169

T plane, where a spin-glass (SG) phase is separated from170

a disordered paramagnetic (PM) phase. At T = 0 there171

is a quantum critical point � = �c > 0. At � = 0 there172

is a finite-temperature classical transition at T = Tc > 0.173

Tuning JG while keeping JFM = 2 varies the details of174

the phase diagram, but not the qualitative picture.175

We measure hq2i for a range of ta, with linear sys-176

tem size L ranging from 5 to 12, in QA (Fig. 3a), SA177

(Fig. 3b), and SQA (Extended Data Fig. E6), for JG = 1.178

For Monte Carlo (MC) methods, ta is measured in MC179

sweeps (MCS). Although in all cases we anneal through180

the critical point rather than stopping at the critical181

point (see Methods), the system experiences a critical182

slowing down at the QPT. Due to slower dynamics in183

the glass phase, measurements in the final state approxi-184

mately reflect the relevant critical dynamics. The Binder185

cumulant186

U =
1

2

✓
3�

hq4i

hq2i2

◆
(9)

provides a statistical signature of phase transitions, and187

like hq2i, also grows with ta and 1/L, as seen in Fig. 3c–d.188

For U , any post-critical e↵ective scaling dimensions in189

hq2i2 and hq4i cancel, but the functional dependence on190

ta remains. Thus, under the DFSS ansatz, U(L, ta) is191

expected to collapse onto a common curve for all system192

sizes when ta is rescaled by L�z�1/⌫ (SM IB), reflecting193

the fact that the annealing time required for the system194
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FIG. 2. Coherent Schrödinger dynamics. a, For three exemplary 16-qubit spin glasses, we show the eight lowest eigengaps of
the time-dependent QA Hamiltonian. b, We evolve the Schrödinger equation for QA with ta = 14ns, tracking the wavefunction’s
probability of collapse onto the final (classical) ground-state manifold (Pfinal(s)) and the two lowest-energy instantaneous
eigenstates (Pinst(s)). Pfinal(1) is the final ground-state probability PGS of the Schrödinger evolution. c, 1� PGS for the same
three spin glasses, in experimental QA and Schrödinger evolution for a range of annealing times. d, Comparison of PGS for QA
and Schrödinger evolution for an ensemble of 100 16-spin glasses, for ta = 14ns. Error bars indicate 95% confidence intervals
for the average over parallel QA experiments using 192 di↵erent sets of qubits.

CRITICAL SPIN-GLASS DYNAMICS133

When a system is brought slowly (annealed) through a134

continuous phase transition, its dynamics slow down due135

to diverging correlations, and its macroscopic properties136

follow universal behavior described by critical exponents.137

Here we use extensions of the Kibble-Zurek (KZ) mech-138

anism40–48, which describes the generation of excitations139

as an annealed system falls out of equilibrium. We use140

a dynamic finite-size scaling (DFSS) ansatz46 (SM I) to141

relate time and the growth of correlations as functions142

of two critical exponents: ⌫, which describes the diver-143

gence of correlation length at a phase transition, and z,144

which describes divergence of the characteristic timescale145

of domain fluctuations. We investigate three annealing146

dynamics—QA, SQA, and SA—and their corresponding147

phase transitions.148

Spin-glass order is quantified via the overlap between149

two replicas (independently annealedN -spin states S and150

S0) of a given realization (set of couplings Jij):151

q =
1

N

NX

i=1

SiS
0
i

Si, S
0
i
2 {�1, 1}. (8)

The mean-squared Edwards-Anderson order parameter152

is given by hq2i, with h·i denoting an average over both153

independent replicas and realizations.154

Due to restrictions on the available coupling geometry,155

we program spin glasses in the 3D layout shown in Fig. 1c,156

which di↵ers from the simple cubic lattice: it has two157

qubits at every (x, y, z) coordinate, coupled as a dimer158

with strong ferromagnetic coupling Jij = �JFM = �2.159

Between neighboring cubic coordinates, we program a to-160

tal coupling of ±JG (0 < JG  1)—this coupling uses one161

coupler in the x and y directions, and in the z direction162

the coupling is equally divided between two couplers. We163

use open x- and y-boundaries and periodic z-boundaries.164

In this model, contracting the strongly-correlated165

dimers into individual spins yields the ±JG Ising spin166

glass on a simple cubic lattice, so we expect experimen-167

tal results to reflect criticality in the same universality168

class. Fig. 1e shows the model’s phase diagram in the �,169

T plane, where a spin-glass (SG) phase is separated from170

a disordered paramagnetic (PM) phase. At T = 0 there171

is a quantum critical point � = �c > 0. At � = 0 there172

is a finite-temperature classical transition at T = Tc > 0.173

Tuning JG while keeping JFM = 2 varies the details of174

the phase diagram, but not the qualitative picture.175

We measure hq2i for a range of ta, with linear sys-176

tem size L ranging from 5 to 12, in QA (Fig. 3a), SA177

(Fig. 3b), and SQA (Extended Data Fig. E6), for JG = 1.178

For Monte Carlo (MC) methods, ta is measured in MC179

sweeps (MCS). Although in all cases we anneal through180

the critical point rather than stopping at the critical181

point (see Methods), the system experiences a critical182

slowing down at the QPT. Due to slower dynamics in183

the glass phase, measurements in the final state approxi-184

mately reflect the relevant critical dynamics. The Binder185

cumulant186

U =
1

2

✓
3�

hq4i

hq2i2

◆
(9)

provides a statistical signature of phase transitions, and187

like hq2i, also grows with ta and 1/L, as seen in Fig. 3c–d.188

For U , any post-critical e↵ective scaling dimensions in189

hq2i2 and hq4i cancel, but the functional dependence on190

ta remains. Thus, under the DFSS ansatz, U(L, ta) is191

expected to collapse onto a common curve for all system192

sizes when ta is rescaled by L�z�1/⌫ (SM IB), reflecting193

the fact that the annealing time required for the system194

First consider a dimensionless quantity; the Binder cumulant
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U / f(vLµ), µ = z + 1/⌫
expected for near-critical systems

Squared EA order parameter

The expected critical scaling  
is closely reproduced!

Same value of 𝜇 as above 
r ~ 1 expected at criticality 

r ~ 0 from the fact that the 
system evolves slightly  
inside the glass phase
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FIG. 3. Dynamic finite-size scaling in 3D spin glasses. a–b, Squared overlap hq2i varies as a function of L and ta in
QA (a) and SA (b) for 3D spin glasses. c–d, Binder cumulant U scales similarly; rescaling ta by Lµ collapses data onto a
single curve for a fit parameter µ, providing estimates of the KZ exponent µ = z+1/⌫. e, Estimates of µ for varying spin-glass
coupling strengths JG, where dimer coupling JFM = 2, in QA, SA, and SQA. Solid and dashed horizontal lines indicate literature
values49 and estimates from simple cubic lattices (Extended Data E8) respectively. f, Tuning the doping probability p reveals
a finite-size crossover between the SG phase and the AFM phase, separated by a critical doping pc ⇡ 0.778 at T = 0, � = 0
(vertical line). Observed dynamics in these phases are characteristic of critical dynamics and coarsening dynamics, respectively.
Vertical error bars are 95% statistical confidence intervals and horizontal error bars indicate measurement uncertainty in ta.

to remain adiabatic up to a correlation length of L scales195

as196

ta(L) ⇠ Lµ, µ = z + 1/⌫. (10)

Thus we estimate the KZ exponent µ via best-fit col-197

lapse of U horizontally along the time axis. Fig. 3c–d198

show collapses of U , from which we extract µ as a fitting199

parameter.200

In Fig. 3e we show these estimates for QA, SA and201

SQA for a range of coupling energies JG. In all cases,202

U(L, ta) approximately follows power-law scaling when203

far from equilibrium48. The extracted KZ exponents are204

clearly distinct, with smaller values indicating faster dy-205

namics. We find µQA between 2.9 and 3.1 depending on206

JG. Adding our MC estimate 1/⌫QA ⇡ 1.55 (SM III) to207

zQA ⇡ 1.349 gives µQA ⇡ 2.85, in close agreement with208

experimental results.209

For SA we find µSA ⇡ 5.3, much larger than QA but210

smaller than estimates from simple cubic lattices; for SA211

we found a value 6.0 (dashed line) compared to previ-212

ously reported48 value 6.3. These deviations are largely213

explained by finite size e↵ects, and dimers delaying the214

onset of asymptotic behavior (see Figs. E6—E8 and SM215

Section IVA). No previous estimate of µSQA has been re-216

ported; the dashed line in Fig. 3e indicates the extracted217

value µSQA = 4.39 for simple cubic lattices (Fig. E8).218

Since QA and SQA share an equilibrium exponent ⌫,219

this corresponds to zSQA ⇡ 2.8, which reflects the MC220

dynamics.221

To better understand the role of frustration in the222

glassy dynamics, we increase the “doping” probability223

p of a random inter-dimer coupling being antiferromag-224

netic (+JG). The SG phase has been shown to persist un-225

til pc = 0.778 (vertical line) for T = 0 and � = 0, beyond226

which the system is a disordered antiferromagnet50–52—227

we might expect that � > 0 slightly reduces pc53. Fig. 3f228

shows the p-dependence of µ extracted by collapsing for229

even values of L; all three dynamics are insensitive to230

changes in p until it approaches pc. For p close to 1,231

QA, SA, and SQA all have µ ⇡ 2, consistent with coars-232

ening dynamics in the AFM phase47. In this scenario,233

the dynamics that occurs after the critical point elimi-234

nates small domains, replacing the KZ exponent µ with235

a universal exponent 2. The latter corresponds to corre-236

lation length scaling as ⇠ / t�1/2
a , expected for di↵usive237

dynamics present in the AFM phase. Due to the rough238

potential landscape in the SG phase, the post-critical dy-239

namics have negligible e↵ect on µ, although they a↵ect240

energy decay as we discuss next.241

ENERGY DECAY242

The smaller values of critical exponents z and µ, ob-243

tained via data collapse, indicate faster critical dynamics244

in QA compared to SA and SQA. We now ask whether245

this leads to a speedup in approximating the ground-246

state energy in classical Ising models. We first answer247

<latexit sha1_base64="NLEBmWLhRA1XR+p67DMbF9L/aDk=">AAACB3icbVDLSgMxFM34rPVVdSlIsAiuykwpPnZFNy4r2Ad0Ssmkt21oMhOSjLQMdeXGX3HjQhG3/oI7/8a0nYW2HggczrmXm3MCyZk2rvvtLC2vrK6tZzaym1vbO7u5vf2ajmJFoUojHqlGQDRwFkLVMMOhIRUQEXCoB4PriV+/B6VZFN6ZkYSWIL2QdRklxkrt3JEvYuwTKVU0xMXC5UPiK4FhKIEa6IzbubxbcKfAi8RLSR6lqLRzX34norGA0FBOtG56rjSthCjDKIdx1o81SEIHpAdNS0MiQLeSaY4xPrFKB3cjZV9o8FT9vZEQofVIBHZSENPX895E/M9rxqZ70UpYKGMDIZ0d6sYcmwhPSsEdpmxePrKEUMXsXzHtE0VsB0pnbQnefORFUisWvLNC6baUL1+ldWTQITpGp8hD56iMblAFVRFFj+gZvaI358l5cd6dj9nokpPuHKA/cD5/AHEbmRA=</latexit>

µ ⇡ 2.9 expected
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L = 5
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L = 12



Summary
The D-wave quantum annealer  realizes true quantum dynamics
- successful emulation of 3D Ising spin glass
Is there quantum speedup?
• the excess energy density decays 

faster with annealing time than in 
classical simulated annealing
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FIG. 4. Critical scaling of final residual energy. a, Scaling of final residual energy density ⇢fE versus ta, with lines showing

power-law fits to the form ⇢fE / t
�f
a . Empty markers are excluded from power-law fit (see text). b, Markers show extracted

exponents f for QA, SA, and SQA for varying JG in 3D spin glasses; horizontal lines show estimates of c (Eq. (12)) using
estimates of µ shown as horizontal lines in Fig. 3e. c, Number of MCS required for SA and SQA to match the residual energy
achieved by QA in a given QA annealing time. Dashed line is a guide to the eye showing equal scaling. Shading represents the
onset of thermal e↵ects outside the coherent QA regime. Error bars represent 95% bootstrap C.I. over spin-glass realizations.

this question theoretically by considering a hypothetical248

annealing protocol that is measured at the critical point.249

Although this is not the real schedule of QA, it makes the250

energy decay dependent only on the dynamics approach-251

ing the critical point, and therefore allows connecting252

the relevant critical exponents. We define dimensionless253

residual Ising energy density at the critical point as254

⇢c
E
=

⌦
HI � Ec

↵
/(NJG). (11)

Here N is the number of spins, and Ec is the equilibrium255

expectation of HI at T = Tc and � = 0 for SA, and at256

T = 0 and � = �c for QA and SQA. Notice that ⇢c
E
! 0257

as ta ! 1. It is shown in SM I that ⇢c
E
follows a power-258

law relation:259

⇢c
E
/ t�c

a
, c = (ds � 1/⌫)/µ, (12)

where ds = d for SA and ds = d+ zQA for QA and SQA.260

As expected, c is inversely related to the KZ exponent261

µ, therefore faster critical dynamics (smaller µ) leads to262

faster decay of energy. Moreover, ds is larger for quan-263

tum than classical, making a larger contribution to the264

numerator.265

However, ⇢c
E

is not very relevant to optimization be-266

cause Ec is far from the ground-state energy E0 of HI .267

We therefore consider the corresponding final quantities268

⇢f
E
and f obtained by annealing to the low-temperature269

classical point T ⌧ Tc, � = 0:270

⇢f
E
=

⌦
HI � E0

↵
/(NJG), (13)

and fitting ⇢f
E
/ t

�f
a . Again the average is over realiza-271

tions and samples, with annealing according to the full272

QA schedule. For very long (adiabatic) anneals, we ex-273

pect ⇢f
E

! 0, thus optimal solutions are asymptotically274

reached.275

Fig. 4a shows ⇢f
E

as a function of annealing time for276

QA, SQA, and SA, for 3D spin glasses on N = 5374 spins277

(15⇥ 15⇥ 12 dimers, with some vacancies). The ground-278

state energy E0 is estimated by exchange MC (see SM279

II C). Each dynamics follows a power-law scaling within280

a window of ta (SM V) but deviates outside the window,281

most notably for QA due to the onset of thermal e↵ects.282

For experimental QA, deviation from coherent behavior283

is expected for longer anneals due to the onset of thermal284

excitations32. For SA, the decay of ⇢f
E

settles onto a285

consistent exponent only after several hundred MCS.286

We estimate f for the three dynamics with varying287

JG from power-law fits. Figure 4b shows, as a function288

of JG, the fit values of f (symbols) as well as the critical289

values c (horizontal lines) obtained using independent290

MC estimates of z and 1/⌫, corresponding to the lines291

in Fig. 3e. Deviations f < c are expected beyond292

the critical point (SM IC4); we find a modest correction293

c � f ⇡ 0.1 for both SA and SQA (SM IVB), which294

one might also see in QA if it could be measured at the295

critical point.296

QA shows the fastest energy decay f , followed by297

SQA and SA. For su�ciently large JG, ⇢
f

E
decays roughly298

quadratically faster in QA than in SA, with SQA in be-299

tween the two. This experimentally-observed scaling ad-300

vantage is consistent with the theoretical speedup in crit-301

ical ordering dynamics (smaller µ in Fig. 3e), and faster302

critical energy decay (larger c in Fig. 4b). In Fig. 4c303

we show the annealing time (in MCS) required by SA304

and SQA to match the energy achieved by a given ta in305

QA; within the coherent QA regime, the approximation306

speedup of QA over SA and SQA increases as a function307

of annealing time.308

OUTLOOK309

We have experimentally demonstrated quantum criti-310

cal dynamics in programmable spin glasses on thousands311

of qubits, observing the expected scaling in system size312

Largest lattice considered 2×15×15×12 qubits 

• until performance impacted 
by “noise” after ~50 ns

Longer coherence times and more 
qubits expected in the near future

• real prospects of addressing problems 
inaccessible to classical calculations

• access to the spins at any point in the evolution 
would be desirable for physics emulation

Recent D-Wave paper with more examples: Science 388, 199 (2025)


