Proof of correct continuum limit for free particle in a box
1D for simplicity (generalizes easily)

Periodic box of length L; energy eigenstates

() = e_ik‘”, with &k =n2n/L, n=0,1,...
|

Energy: FE) = §k2 (h=m = 1)

Discretized space, N cells; we will prove that the eigenstates are

N—1
1 .
kY = — e kTilfy k=n27/L with n=0,1,...,N —1
k)= —= > e ")) /

7=0

Discrete coordinate r; = jA = jL/N limits momentum;

o—i(n+N)2(m/L)r; —in2(w/L)r;

= e
so only N different momenta



Acting with kinetic energy on proposed state:

1
Klk) = ———=3 e — =)+ =|j +1
k) Az\/—§ [ J — i)+ 5li+ >]

7=0

Shifting the 1ndexes in the j +/- 1 terms by +/- 1

1 o kT 1 1k —1k .
K|K) = Nfz | S o) 1 |
7=0

= E[cos(k'A) — 1]|k)

%[1 — cos (kA)]

Energy eigenvalues are Ej =
Taylor expand for small kA
1

E, = —k?* — —A2k4
) 24

Agrees with continuum result to leading order, i.e., the way
we treated the kinetic energy in the discretized space was ok.

Note that the discretized energy 1s lower than the true energy

3D: E, = é[?) — cos (k,A) — cos (k,A) — cos (k. A)]



Discrete space (lattice) arises naturally in solids (crystals)

Using localized atomic-like orbitals (Wannier orbitals),
called the tight-binding method, 1s often a good starting
point for describing the electronic band structure

The hopping matrix elements

can be obtained 1n band-structure
calculations; can be non-zero also
between non-nearest-neighbor sites

Tight-binding models form the

basis of many calculations

including also electron-electron
and electron-phonon interactions
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CuO, layers in the cuprate
high-T, superconductors



Lanczos diagonalization

Real-space discretized Hamiltonian 1s large in terms of N*N
> but number of non-zero elements is ~N, not N?

» sparse matrix eigenvalue problem

» can use special methods for extremal eigenvalues/states

The Lanczos method 1s a Krylov space method
> space spanned by vectors H'™|W)

Idea: operate On expansion in energy eigenstates

H'm Z C. E777,|\I,A

For large m state w1th largest IE,| dominates the sum
» Acting multiple times with H projects out extremal state

Get ground state by acting with (H — o)™, o = constant
» we will assume that a suitable constant has been included

Idea 1s to diagonalize H in space of all H™|W), n = m

ooooo

» can give low-lying states for small m (e.g., 100- 500)



L.anczos basis states

Particular orthogonal basis of states H"|W), n=20,...,m
» leads to a tridiagonal Hamiltonian matrix
> starts from arbitrary state |V)

First, orhogonal but not normalized basis {[fn)}

| fo) arbitrary, normalized, overlap with |¥)

|f1> — H|f0> — Clo|f0>

Chose constant such that the two states are orthogonal

<f1|f0> — <f0|H|f0> — ao<f0|f0> = Hyo — apNy
g — H()()/i?\"r() Nz‘ — <fz|fz>a Hij — <fz|H|fj>

Next state; make 1t orthogonal to the two previous ones:

|f2> = H f1> — a1|f1> — bo|f0>
a; = Hyi1/Ni, by = Ni/Ng




H m 'n H .n,
|fn—|—1> :H|fn> _an|fn> _bn—1|fn—1> " (nlH|fn)
T J T T AT = Jnl/n
An = I8 nn / N ) b n—1 — N n / N n—1 ! <fn" fn>
One can show that these states are orthogonal to all previous ones

Hamiltonian acting on a state

H'fn> — |fn+1> T an|fn> =+ bn—1|fn—1>

This corresponds to a tri-diagonal matrix, non-zero elements are
<fn—1|H|fn> — bn—an—l — Nn

<f7l|H|fn> — anNn

<fn+1 |H|fn> — Nn+1

Normalized states |¢,,) = N, /2| f,)
<¢n—1|H|¢n> — bn—l

<¢n|H|¢n> — Un
<¢n-|—1|H|¢n> — bn



Algorithm for constructing the basis and the Hamiltonian

For the Hamiltonian, we need only the factors

A, = H nn / z\fn, b() — i\r.,-l / i\'r.n, —1
where Hnn — <fn|H|fn>a Nn — <fn|fn>

To obtain a new state we need the previous two:

|fn—|—1> — Hlfn> o an|fn> o bn—llfn—1>

We have to store two states and the one we are working on.
N
) =S fu()lj)  (numbers f,(), j=1....N stored)

We do not have to store H; act with it “on the fly”
VE.)N) =V () m)li) (V 1ncludes diag part of K)

Kf.(h)|7) = —tfn(y Z 10[7]), 0|j] neighbor of j
o[7]
Need change in element index as particle “hops~ between neigbors



1D test: Open chain (hard-wall box), x=[-1,1] (L=2), V=0

Calculated energies as a function of Lanczos basis size M

N=200
A = 0.01

Very poor
convergence

Almost the full
Hilbert space has
to be included to
get good energies

Deviations at M=200
reflect discretization
error (negative)
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Convergence of the ground state wave function
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Lanczos method is not suitable for this type of calculation in 1D
» The basis must be of same size as the original one



2D test: Open box (=hard-wall), x,y=[-1,1], V=0

Energy as a function of Lanczos basis size M

N=200%*200
A =0.01

Convergence
after on the

order of \/N

1terations

The method
works better
n 2D
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The components (1.e., individual basis states) of the initial
state must be propagated by the Hamiltonian through the

whole system 1n order for an extended wave function to be
representable in the Lanczos basis

Regions covered after successive operations with H
(“generations’ ) on a single basis state in 1D and 2D

. first generation

- reached after second generation

- reached after third generation

—— N

Covered fraction scales as the number of generations M in any D
» The Lanczos scheme is advantageous in 2D and 3D



Ground state of a 100*100 box vs number of iterations (IN)

N= 1

Graphing:
Wy (, y)|2

Starting from a
state localized in
the center of the
box




state of a 100*100 box vs number of iterations (N)

Ground
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state of a 100*100 box vs number of 1terations (IN)

First excited
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Second excited state of a 100*100 box vs number of iterations (IN)

Graphing:

“I]O(‘/Ba y) :

Starting from a
random state




