
<latexit sha1_base64="HJEcxREFa3ZXEF2BLmv89Dg8/TI="></latexit>

vn+1/2 = vn�1/2 +�tan

xn+1 = xn +�tvn+1/2

<latexit sha1_base64="HWUqyqa3Agf3q0hX+0d8UeoUR/c="></latexit>

v�1/2 = v0 � 1
2�ta0

What is the step error here?
- we expanded x to 2nd order. Is the step error 3rd order?
Let’s do a different derivation to cubic order

<latexit sha1_base64="pma/SNgqi8BpO2Fxa8NIvZvt28A="></latexit>

xn+1 = xn +�tvn + 1
2�

2
tan + 1

6�
3
t ȧn +O(�4

t )

xn�1 = xn ��tvn + 1
2�

2
tan � 1

6�
3
t ȧn +O(�4

t )

- forward and backward x steps:

add these →

<latexit sha1_base64="Hoiw1IujgKCUVOl3FMlqCBjTsns="></latexit>

! xn � xn�1 = vn�1/2�t +O(�3
t )

<latexit sha1_base64="j3Yg5F6mdu0GXLSoiy1uxki9GFI="></latexit>

xn+1 = 2xn � xn�1 +�2
tan +O(�4

t )

<latexit sha1_base64="vofdt3182xOVOJwZZ1pWeNY2+50="></latexit>

=[xn�1/2 + (�t/2)vn�1/2 +
1
2 (�t/2)

2
an�1/2 +

1
6 (�t/2)

3
ȧn�1/2 + . . .]

� [xn�1/2 � (�t/2)vn�1/2 +
1
2 (�t/2)

2
an�1/2 � 1

6 (�t/2)
3
ȧn�1/2 + . . .]

<latexit sha1_base64="HtLasNtOiRDpa1MsrnLVc1GeKaQ=">AAACDXicbVBNS8NAEN3Ur1q/oh69LFahItZEi3oRCnrQkwr2A9oaNtutLm42YXdSKKF/wIt/xYsHRbx69+a/cVsjqPXBwOO9GWbm+ZHgGhznw8qMjU9MTmWnczOzc/ML9uJSVYexoqxCQxGquk80E1yyCnAQrB4pRgJfsJp/ezTwa12mNA/lJfQi1grIteQdTgkYybPXDnHzmAkgHuCul8gtd3unjzfxWeFbvtrd8Oy8U3SGwKPETUkepTj37PdmO6RxwCRQQbRuuE4ErYQo4FSwfq4ZaxYRekuuWcNQSQKmW8nwmz5eN0obd0JlSgIeqj8nEhJo3Qt80xkQuNF/vYH4n9eIoXPQSriMYmCSfi3qxAJDiAfR4DZXjILoGUKo4uZWTG+IIhRMgDkTgvv35VFS3Sm6e8XSRSlfPk3jyKIVtIoKyEX7qIxO0DmqIIru0AN6Qs/WvfVovVivX60ZK51ZRr9gvX0CnG6ZaA==</latexit>

= �tvn�1/2 +O(�3
t )

<latexit sha1_base64="j3Yg5F6mdu0GXLSoiy1uxki9GFI="></latexit>

xn+1 = 2xn � xn�1 +�2
tan +O(�4

t )use this in

consider 
<latexit sha1_base64="hWQuCNb4qV1q+S3OZe6CVZnAl9E=">AAACK3icbZDLTsJAFIanXhFvqEs3E4kJxgAtIerGhKgL3WEilwRIMx0GmDCdNjOnBtLwPm58FRe68BK3voctsEDwJJN8+f9zcub8ji+4BtP8NJaWV1bX1hMbyc2t7Z3d1N5+VXuBoqxCPeGpukM0E1yyCnAQrO4rRlxHsJrTv4792iNTmnvyAYY+a7mkK3mHUwKRZKeuBrbE2YEdyqw1wpd4kIEx5wuj0+YNE0BsyBdOcHbWyc44yaSdSps5c1x4EawppNG0ynbqtdn2aOAyCVQQrRuW6UMrJAo4FWyUbAaa+YT2SZc1IpTEZboVjm8d4eNIaeOOp6InAY/V2YmQuFoPXSfqdAn09LwXi/95jQA6F62QSz8AJulkUScQGDwcB4fbXDEKYhgBoYpHf8W0RxShEMUbh2DNn7wI1ULOOssV74vp0t00jgQ6REcogyx0jkroFpVRBVH0hF7QO/owno0348v4nrQuGdOZA/SnjJ9fDUyjSA==</latexit>

xn � xn�1 = x(tn�1/2 +�t/2)� x(tn�1/2 ��t/2)



<latexit sha1_base64="f3EfobT2xe7xJ099ZlCSHB+wdR4="></latexit>

xn � xn�1 = vn�1/2�t +O(�3
t )

<latexit sha1_base64="ALX4jIwooJaJ4d81mQn/o49ue/U="></latexit>

! vn�1/2 =
1

�t
(xn � xn�1) +O(�2

t )

<latexit sha1_base64="j3Yg5F6mdu0GXLSoiy1uxki9GFI="></latexit>

xn+1 = 2xn � xn�1 +�2
tan +O(�4

t )

<latexit sha1_base64="HJEcxREFa3ZXEF2BLmv89Dg8/TI="></latexit>

vn+1/2 = vn�1/2 +�tan

xn+1 = xn +�tvn+1/2

We arrive at an algorithm identical to the Leapfrog algorithm

The Leapfrog step error is actually O(𝛥t4)
The form without explicit v is called the Verlet algorithm

<latexit sha1_base64="j3Yg5F6mdu0GXLSoiy1uxki9GFI="></latexit>

xn+1 = 2xn � xn�1 +�2
tan +O(�4

t )

Initial conditions: x0, x1

If needed, the velocity obtained as
<latexit sha1_base64="l1/Jjc7CT2U1Ex7k576OHsIBvwM="></latexit>

vn+1/2 =
1

�t
(xn+1 � xn) +O(�2

t )

<latexit sha1_base64="RRYQujUqp72vKiNSh/7JluDXRuw="></latexit>

xn+1 = xn +�t(vn�1/2 +�tan) +O(�4
t )

Here it looks like the error in xn+1 should be O(𝛥t3)

<latexit sha1_base64="91hUyDcuA6BNHcUFhTxffGVXMdY="></latexit>

xn+1 � xn = xn � xn�1 +�2
tan +O(�4

t )

<latexit sha1_base64="XLaOe7pp+07mw6qoBC4ec1p4lCU="></latexit>

vn+1/2 = vn + (�t/2)an + (�t/2)
2ȧn +O(�3

t )

vn�1/2 = vn � (�t/2)an + (�t/2)
2ȧn �O(�3

t )

<latexit sha1_base64="V3IsWF8sMpJULbgQBab2wKXE12s=">AAACIXicbZBNSwMxEIazftb6VfXoJViESrHuqmgvQlEP3lSwtdDWJZumbWg2uySzhbL0r3jxr3jxoIg38c+YbqtodSDwzDszTOb1QsE12Pa7NTU9Mzs3n1pILy4tr6xm1tYrOogUZWUaiEBVPaKZ4JKVgYNg1VAx4nuC3Xrds2H9tseU5oG8gX7IGj5pS97ilICR3EyxDgHuubHMO3v7A3yS8G7CeUxcievnTABxwaSXua/k7mDHzWTtgp0E/gZnErJoHFdu5q3eDGjkMwlUEK1rjh1CIyYKOBVskK5HmoWEdkmb1QxK4jPdiJMLB3jbKE3cCpR5EnCi/pyIia913/dMp0+goydrQ/G/Wi2CVrERcxlGwCQdLWpFAhtXhnbhJleMgugbIFRx81dMO0QRCsbUtDHhz8l/obJfcI4Kh9eH2dLp2I4U2kRbKIccdIxK6AJdoTKi6B49omf0Yj1YT9ar9TZqnbLGMxvoV1gfn84roDo=</latexit>

! vn+1/2 = vn�1/2 + an�t +O(�3
t )

However, earlier we saw that

 and so the error in x is actually O(𝛥t4)



for i=1:nt 
   t=dt*(i-1) 
   a=acc(x,t) 
   v=v+dt*a 
   x=x+dt*v 
end

for i=1:nt 
   t=dt*(i-1) 
   a=acc(x,v,t) 
   x=x+dt*v 
   v=v+dt*a 
end

<latexit sha1_base64="q8vtQAj2lFW/xcUrTJDWl+hW6JU="></latexit>

vn+1/2 = vn�1/2 +�tan

xn+1 = xn +�tvn+1/2

Julia Leapfrog implementation

Properties of the method
- time-reversal symmetric
- errors bounded for periodic motion
- small step error at low effort

<latexit sha1_base64="xWgluJKF9mBs850eXMDbEYXS+/k=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkIiRd0IBV3oroJ9QBvCZDpph04ezNwIIdRfceNCEbd+iDv/xmmbhbYeuNzDOfcyd46fCK7Atr+N0srq2vpGebOytb2zu2fuH7RVnErKWjQWsez6RDHBI9YCDoJ1E8lI6AvW8cfXU7/zyKTicfQAWcLckAwjHnBKQEueWe3fMAHEA3xlW84pti3b8cyabjPgZeIUpIYKND3zqz+IaRqyCKggSvUcOwE3JxI4FWxS6aeKJYSOyZD1NI1IyJSbz46f4GOtDHAQS10R4Jn6eyMnoVJZ6OvJkMBILXpT8T+vl0Jw6eY8SlJgEZ0/FKQCQ4ynSeABl4yCyDQhVHJ9K6YjIgkFnVdFh+AsfnmZtM8s59yq39drjbsijjI6REfoBDnoAjXQLWqiFqIoQ8/oFb0ZT8aL8W58zEdLRrFTRX9gfP4AKcySiQ==</latexit>

�t = 0.1, 0.01

Test: same oscillator as before
Note: Implementation almost identical to Euler 
- just swap two lines!



Accumulated errors in the Leapfrog/Verlet algorithm
The number of time steps N can be large; N=T/𝛥t 
How does the error at time T depend on T and 𝛥t?
Write the position at time step n as the exact value plus a deviation

<latexit sha1_base64="7ZkzJEIOZvYfuT+RxLNl2mdL31w=">AAACBnicbVDLSgMxFM34rPVVdSlCsAiCUGakqBuh4EZ3FewD2jpkMnfa0ExmSDLSMnTlxl9x40IRt36DO//GtJ2Fth64l8M595Lc48WcKW3b39bC4tLyympuLb++sbm1XdjZrasokRRqNOKRbHpEAWcCapppDs1YAgk9Dg2vfzX2Gw8gFYvEnR7G0AlJV7CAUaKN5BYOBq7Al9j0+7QtQwyDET7BbR+4Jq7xi3bJngDPEycjRZSh6ha+2n5EkxCEppwo1XLsWHdSIjWjHEb5dqIgJrRPutAyVJAQVCednDHCR0bxcRBJU0Ljifp7IyWhUsPQM5Mh0T01643F/7xWooOLTspEnGgQdPpQkHCsIzzOBPtMAtV8aAihkpm/YtojklBtksubEJzZk+dJ/bTknJXKt+Vi5SaLI4f20SE6Rg46RxV0jaqohih6RM/oFb1ZT9aL9W59TEcXrGxnD/2B9fkDvcWYEA==</latexit>

xn = x

ex

n + �n

<latexit sha1_base64="kZkjTbHoYFkXdQkDkTDtEDxsxKk=">AAACInicbVDLSgMxFM34tr5GXboJFqFSWmZK8bEQBF3oSgWrQluHTJq2oZnMkNyRlqHf4sZfceNCUVeCH2OmFtHWA4Fzz7mXm3v8SHANjvNhTUxOTc/Mzs1nFhaXllfs1bUrHcaKsgoNRahufKKZ4JJVgINgN5FiJPAFu/Y7R6l/fceU5qG8hF7E6gFpSd7klICRPHu/6yUy7/bxAS51PYkLaV0wdR7XjpkA4sFtCRPj5PFZ7kcqb2c8O+sUnQHwOHGHJIuGOPfst1ojpHHAJFBBtK66TgT1hCjgVLB+phZrFhHaIS1WNVSSgOl6Mjixj7eM0sDNUJknAQ/U3xMJCbTuBb7pDAi09aiXiv951Riae/WEyygGJun3omYsMIQ4zQs3uGIURM8QQhU3f8W0TRShYFJNQ3BHTx4nV6Wiu1MsX5Szh6fDOObQBtpEOeSiXXSITtA5qiCK7tEjekYv1oP1ZL1a79+tE9ZwZh39gfX5BXJmoIw=</latexit>

xn+1 = 2xn � xn�1 +�2
tan +O(�4

t )

and use in the Verlet algorithm

Here we see discrete versions of second derivatives
Recall: For any function f(t) defined on the time grid:

<latexit sha1_base64="WQFQsQouOs5vam/noM0+fvTPT44="></latexit>

fn+1 = fn +�tḟn + 1
2�

2
t f̈n + 1

6�
3
t

...
f n +O(�4

t )

fn�1 = fn ��tḟn + 1
2�

2
t f̈n � 1

6�
3
t

...
f n +O(�4

t )

add these:

<latexit sha1_base64="HfRmCenCjEGCXTmJN3AKKVpKxW0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF71VtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHnoY98sVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqndZrd3XKvW7PI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBj8o3n</latexit>!
<latexit sha1_base64="gIaJEuwKHPsm2D2sAA8BWAzoRE0="></latexit>

xex

n+1

� 2xex

n + xex

n�1

= �(�n+1

� 2�n + �n�1

) +�2

tan +O(�4

t )

<latexit sha1_base64="HCDmnnccVFFe7npmYNg4IdylZ/g="></latexit>

fn+1 � 2fn + fn�1 = �2
t f̈n +O(�4

t )



Replace discrete time derivatives by continuum versions:
<latexit sha1_base64="jy0SWLt/JxU198SreDmBLk4VXY0="></latexit>

ẍex(t) = ��̈(t) + a(t) +O(�2

t )

<latexit sha1_base64="8dFtdzjQF3YQ7v0Tf1FkTtAJyL0="></latexit>

(xex

n+1

� 2xex

n + xex

n�1

)/�2

t = �(�n+1

� 2�n + �n�1

)/�2

t + an +O(�2

t )
<latexit sha1_base64="cND+YeNuoyfxBmIFb51ZALEwgug="></latexit>

(fn+1 � 2fn + fn�1)/�
2
t = f̈n +O(�2

t )

Why is it OK to get rid of the 
discretization here?

We can always construct a 
smooth interpolation between 
the discrete values xn  
- e.g., a high-order polynomial

The exact solution satisfies
<latexit sha1_base64="s9IGG14zReYWIroxNkR4eeT53To=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAYhNmFXgtoIARvtIpgHZNcwOzubDJl9MHNXEpaAjb9iY6GIrT9h5984eRSaeOByD+fcy8w9XiK4Asv6NnJLyyura/n1wsbm1vaOubvXUHEqKavTWMSy5RHFBI9YHTgI1kokI6EnWNPrX4395gOTisfRHQwT5oakG/GAUwJa6pgHju/HgAf3mSNDzAajEpzgS0x065hFq2xNgBeJPSNFNEOtY345fkzTkEVABVGqbVsJuBmRwKlgo4KTKpYQ2idd1tY0IiFTbja5YYSPteLjIJa6IsAT9fdGRkKlhqGnJ0MCPTXvjcX/vHYKwYWb8ShJgUV0+lCQCgwxHgeCfS4ZBTHUhFDJ9V8x7RFJKOjYCjoEe/7kRdI4Ldtn5cptpVi9mcWRR4foCJWQjc5RFV2jGqojih7RM3pFb8aT8WK8Gx/T0Zwx29lHf2B8/gDDuZZU</latexit>

ẍ

ex(t) = a(t)

and we are left with 
<latexit sha1_base64="dY1jnmK4MKKbviymo5Ei17XlPhQ=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYhacJuCGojBLTQygjmAdk1zM5OkiGzD2buCiGktPFXbCwUsfUT7PwbZ5MUmnjgwplz7mXuPV4suALL+jYyS8srq2vZ9dzG5tb2jrm711BRIimr00hEsuURxQQPWR04CNaKJSOBJ1jTG1ykfvOBScWj8A6GMXMD0gt5l1MCWuqYh47vR4AdnwkgBSjic3xTcC7TVwfuy8WOmbdK1gR4kdgzkkcz1Drml+NHNAlYCFQQpdq2FYM7IhI4FWyccxLFYkIHpMfamoYkYModTQ4Z42Ot+LgbSV0h4In6e2JEAqWGgac7AwJ9Ne+l4n9eO4HumTviYZwAC+n0o24iMEQ4TQX7XDIKYqgJoZLrXTHtE0ko6OxyOgR7/uRF0iiX7JNS5baSr17P4siiA3SECshGp6iKrlAN1RFFj+gZvaI348l4Md6Nj2lrxpjN7KM/MD5/AO+UmAk=</latexit>

�̈(t) = O(�2
t )



<latexit sha1_base64="dY1jnmK4MKKbviymo5Ei17XlPhQ=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgYhacJuCGojBLTQygjmAdk1zM5OkiGzD2buCiGktPFXbCwUsfUT7PwbZ5MUmnjgwplz7mXuPV4suALL+jYyS8srq2vZ9dzG5tb2jrm711BRIimr00hEsuURxQQPWR04CNaKJSOBJ1jTG1ykfvOBScWj8A6GMXMD0gt5l1MCWuqYh47vR4AdnwkgBSjic3xTcC7TVwfuy8WOmbdK1gR4kdgzkkcz1Drml+NHNAlYCFQQpdq2FYM7IhI4FWyccxLFYkIHpMfamoYkYModTQ4Z42Ot+LgbSV0h4In6e2JEAqWGgac7AwJ9Ne+l4n9eO4HumTviYZwAC+n0o24iMEQ4TQX7XDIKYqgJoZLrXTHtE0ko6OxyOgR7/uRF0iiX7JNS5baSr17P4siiA3SECshGp6iKrlAN1RFFj+gZvaI348l4Md6Nj2lrxpjN7KM/MD5/AO+UmAk=</latexit>

�̈(t) = O(�2
t )

The equation for the error is rather incomplete

<latexit sha1_base64="GtaafloftrYDlpRJhMvEXDlt0K0=">AAACCnicbZC7SgNBFIZn4y3G26qlzWgQYhN2Q1AbIaCFdhHMBbIxzM7OJkNmd5aZs0IIqW18FRsLRWx9Ajvfxsml0MQfBj7+cw5nzu8ngmtwnG8rs7S8srqWXc9tbG5t79i7e3UtU0VZjUohVdMnmgkesxpwEKyZKEYiX7CG378c1xsPTGku4zsYJKwdkW7MQ04JGKtjH3pBIAF7ARNACnCCL7B3NeYO3Jdw1zgdO+8UnYnwIrgzyKOZqh37ywskTSMWAxVE65brJNAeEgWcCjbKealmCaF90mUtgzGJmG4PJ6eM8LFxAhxKZV4MeOL+nhiSSOtB5JvOiEBPz9fG5n+1VgrheXvI4yQFFtPpojAVGCQe54IDrhgFMTBAqOLmr5j2iCIUTHo5E4I7f/Ii1EtF97RYvi3nKzezOLLoAB2hAnLRGaqga1RFNUTRI3pGr+jNerJerHfrY9qasWYz++iPrM8fVjGYyQ==</latexit>

�̈(t) = �2
t g(t)

We can also write it as an actual equation

though we do not know anything about the function g(t)
For the accumulated error at time t=T we have to integrate

<latexit sha1_base64="DI3XBAw8aIaeod/D5AiM7kEe6wQ="></latexit>

=

Z T

0

Z t

0
�̈(t0)dt0

<latexit sha1_base64="wv89+2KmH9ldt3eutjbyAm2SR2o="></latexit>

�(T ) =

Z T

0
�̇(t)dt

<latexit sha1_base64="XfBIEmmZWR87kGjyun/sO93syVA="></latexit>

= �2
t

Z T

0

Z t

0
g(t0)dt0

We cannot go any further without making assumptions for g(t)
- g(t) could oscillate around 0, leading to cancelations and small errors

- g(t) could increase rapidly as t increases, causing large errors 

- g(t) could be roughly time independent, leading to:
<latexit sha1_base64="6EamQE9vQjZQmiCvRWxTuRhv7G8="></latexit>

�(T ) = O(�2
tT

2)
- may be common for “well behaved” regular, non-periodic motion

- this is the case for periodic motion

- the solution then likely goes completely bad after some time

Note: 𝛥t must be sufficiently small for the above arguments to be valid



Leapfrog/Verlet method including damping
We assumed velocity-independent force (acceleration) in

We can still use this form, with an → a(xn,vn-1/2,t), where error is O(𝛥t) 
- x error is then O(𝛥t 3) instead of O(𝛥t4) 
To do better, first separate out dissipative part of force:

Consider the approximation

and use this for intermediate (^) velocity and position:

has O(𝛥t3) error

Then we can obtain vn with O(𝛥t2) error:

we do not have vn for an=a(xn,vn,t)

[see by expanding a(v) in v]



Now we can use this in the acceleration an(xn,vn,t); O(𝛥t2) error

<latexit sha1_base64="dV7E9SR9BCDEEPNlWVMco6M7SvM=">AAAB+HicdVDLSgNBEJyNrxgfiXr0MhiEiLDsbmJWbwE96MkIxgSSGGYnk2TI7IOZXiEu+RIvHhTx6qd482+cPAQVLWgoqrrp7vIiwRVY1oeRWlhcWl5Jr2bW1jc2s7mt7RsVxpKyGg1FKBseUUzwgNWAg2CNSDLie4LVveHpxK/fMal4GFzDKGJtn/QD3uOUgJY6uewhviy0zpgA0oFb56CTy1umU3aLRQtbpn1klUuuJuWi7bgn2DatKfJojmon997qhjT2WQBUEKWathVBOyESOBVsnGnFikWEDkmfNTUNiM9UO5kePsb7WuniXih1BYCn6veJhPhKjXxPd/oEBuq3NxH/8pox9I7bCQ+iGFhAZ4t6scAQ4kkKuMsloyBGmhAqub4V0wGRhILOKqND+PoU/09uHNMum6WrUr5yMY8jjXbRHiogG7mogs5RFdUQRTF6QE/o2bg3Ho0X43XWmjLmMzvoB4y3Tyjuki0=</latexit>

+O(�2
t )

Summary of procedure:

vn used here in an

More than twice as much work as the standard Leapfrog method

but the O(𝛥t4) error is now maintained (work pays off)
Test by running friction.ipynb on the web site (tomorrow’s discussion)



Runge-Kutta (RK) Method
A classic method with very small step error; O(𝛥t5) 
Let’s first apply it to a single 1st-order equation:

It’s instructive to first look at a simpler method with O(𝛥t3) error
2nd-order RK method
Apply the mid-point rule (recall from numerical integration)

But here we do not have
We can approximate it using the first-order form

- series expand f() in the integration formula to see that 
Error is

<latexit sha1_base64="OtcWebRJZN3rE4vcIOxAdgvtfU0=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCUAhJW1tdCAU3uqtgH9CGMJlO2qGTSZiZSGvol7hxoYhbP8Wdf+P0IajogQuHc+7l3nv8mFGpbPvDyKysrq1vZDdzW9s7u3lzb78lo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90OfPbd0RIGvFbNYmJG6IBpwHFSGnJM/NjL+VFZwov4NjjsOiZBdsqVWvlsg1tyzm1q5WaJtWyU6qdQ8ey5yiAJRqe+d7rRzgJCVeYISm7jh0rN0VCUczINNdLJIkRHqEB6WrKUUikm84Pn8JjrfRhEAldXMG5+n0iRaGUk9DXnSFSQ/nbm4l/ed1EBWduSnmcKMLxYlGQMKgiOEsB9qkgWLGJJggLqm+FeIgEwkpnldMhfH0K/yetkuVUrcpNpVC/XsaRBYfgCJwAB9RAHVyBBmgCDBLwAJ7As3FvPBovxuuiNWMsZw7ADxhvn0pskj8=</latexit>

xn+1 = xn+

<latexit sha1_base64="jdz0HcQmY0BTayfe2fBsvSW950U=">AAAB/nicdVDLSgMxFM3UV62vqrhyEyxCBRlm2trqQii40V0F+4B2KJk004ZmHiR3xDIU/BU3LhRx63e4829MH4KKHrhwOOfe5N7jRoIrsKwPI7WwuLS8kl7NrK1vbG5lt3caKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7rDi4nfvGVS8TC4gVHEHJ/0A+5xSkBL3exepxcCvsvDET7HXntCjsHpZnOWWShXikULW6Z9YpVLFU3KRbtQOcO2aU2RQ3PUutl3/Q6NfRYAFUSptm1F4CREAqeCjTOdWLGI0CHps7amAfGZcpLp+mN8qJUe9kKpKwA8Vb9PJMRXauS7utMnMFC/vYn4l9eOwTt1Eh5EMbCAzj7yYoEhxJMscI9LRkGMNCFUcr0rpgMiCQWdWEaH8HUp/p80CqZdNkvXpVz1ah5HGu2jA5RHNqqgKrpENVRHFCXoAT2hZ+PeeDRejNdZa8qYz+yiHzDePgEKFZRN</latexit>

ẋ(t) = f [x(t), t]

^ indicates an intermediate value of x.

Illustrates the use of intermediate values with larger error



4th-order RK method

<latexit sha1_base64="OtcWebRJZN3rE4vcIOxAdgvtfU0=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCUAhJW1tdCAU3uqtgH9CGMJlO2qGTSZiZSGvol7hxoYhbP8Wdf+P0IajogQuHc+7l3nv8mFGpbPvDyKysrq1vZDdzW9s7u3lzb78lo0Rg0sQRi0THR5IwyklTUcVIJxYEhT4jbX90OfPbd0RIGvFbNYmJG6IBpwHFSGnJM/NjL+VFZwov4NjjsOiZBdsqVWvlsg1tyzm1q5WaJtWyU6qdQ8ey5yiAJRqe+d7rRzgJCVeYISm7jh0rN0VCUczINNdLJIkRHqEB6WrKUUikm84Pn8JjrfRhEAldXMG5+n0iRaGUk9DXnSFSQ/nbm4l/ed1EBWduSnmcKMLxYlGQMKgiOEsB9qkgWLGJJggLqm+FeIgEwkpnldMhfH0K/yetkuVUrcpNpVC/XsaRBYfgCJwAB9RAHVyBBmgCDBLwAJ7As3FvPBovxuuiNWMsZw7ADxhvn0pskj8=</latexit>

xn+1 = xn+

Use Simpson’s formula:

 where we need to find an approximation to fn+1/2 and fn+1 with O(𝛥t4) errors 
The way to do this is a bit involved/obscure… 

first intermediate approximation

improved intermediate approximation
 similar for xn+1. Scheme boils down to evaluating these:

and then
with O(𝛥t5) step error

<latexit sha1_base64="myd3Id3WuadqlhEYcxkr5oy1RLM=">AAAB+HicdVDJSgNBEO2JW4xLoh69NAYhIgwz2UZvAT3oyQhmgSSGnk4nadKz0F0jxCFf4sWDIl79FG/+jZ1FUNEHBY/3qqiq54aCK7CsDyOxtLyyupZcT21sbm2nMzu7dRVEkrIaDUQgmy5RTHCf1YCDYM1QMuK5gjXc0dnUb9wxqXjg38A4ZB2PDHze55SAlrqZ9DG+yrXPmQDShdvSUTeTtcx82SkULGyZdskqFx1NygU775xi27RmyKIFqt3Me7sX0MhjPlBBlGrZVgidmEjgVLBJqh0pFhI6IgPW0tQnHlOdeHb4BB9qpYf7gdTlA56p3ydi4ik19lzd6REYqt/eVPzLa0XQP+nE3A8jYD6dL+pHAkOApyngHpeMghhrQqjk+lZMh0QSCjqrlA7h61P8P6nnTbtsFq+L2crlIo4k2kcHKIds5KAKukBVVEMURegBPaFn4954NF6M13lrwljM7KEfMN4+AS19kjA=</latexit>

+O(�5
t )



RK method for two coupled 1st-order equations

Simple generalization of the previous case:

This is more general than Newton’s equations 
<latexit sha1_base64="iVM2w6VZ2u92pDjlcuH8IXIjb/M="></latexit>

ẋ = y [y = v], ẏ = a(x, y, t)



RK formulas for equations of motion

Friction (dissipative, v-dependent forces) can be included directly here 



Test of the 4th-order RK method
Same harmonic oscillator as before

The energy error is not bounded  
- not even for periodic motion 

<latexit sha1_base64="a/H6bVWeibcwOVX1381sRPM9x3w=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6atM7oriKC7CvYhbSmZNNOGJpkhyQhl6Fe4caGIWz/HnX9j+hBU9MCFwzn3cu89YcKZNgh9OEvLK6tr67mN/ObW9s5uYW+/oeNUEVonMY9VK8SaciZp3TDDaStRFIuQ02Y4upj6zXuqNIvlrRkntCvwQLKIEWysdNdRAl6mnKpeoYjckh+Uywgi1ztFfiWwxC97peAcei6aoQgWqPUK751+TFJBpSEca932UGK6GVaGEU4n+U6qaYLJCA9o21KJBdXdbHbwBB5bpQ+jWNmSBs7U7xMZFlqPRWg7BTZD/dubin957dREZ92MySQ1VJL5oijl0MRw+j3sM0WJ4WNLMFHM3grJECtMjM0ob0P4+hT+Txol1/Pdyk2lWL1exJEDh+AInAAPBKAKrkAN1AEBAjyAJ/DsKOfReXFe561LzmLmAPyA8/YJ4zKQhA==</latexit>

Euler

<latexit sha1_base64="xWgluJKF9mBs850eXMDbEYXS+/k=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkIiRd0IBV3oroJ9QBvCZDpph04ezNwIIdRfceNCEbd+iDv/xmmbhbYeuNzDOfcyd46fCK7Atr+N0srq2vpGebOytb2zu2fuH7RVnErKWjQWsez6RDHBI9YCDoJ1E8lI6AvW8cfXU7/zyKTicfQAWcLckAwjHnBKQEueWe3fMAHEA3xlW84pti3b8cyabjPgZeIUpIYKND3zqz+IaRqyCKggSvUcOwE3JxI4FWxS6aeKJYSOyZD1NI1IyJSbz46f4GOtDHAQS10R4Jn6eyMnoVJZ6OvJkMBILXpT8T+vl0Jw6eY8SlJgEZ0/FKQCQ4ynSeABl4yCyDQhVHJ9K6YjIgkFnVdFh+AsfnmZtM8s59yq39drjbsijjI6REfoBDnoAjXQLWqiFqIoQ8/oFb0ZT8aL8W58zEdLRrFTRX9gfP4AKcySiQ==</latexit>

�t = 0.1, 0.01
<latexit sha1_base64="ZntHnKJ4yx/oGwz3AaLowFuK+XU=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZK2JroruFFwUcE+oAllMp20QyczYWYilNDfcONCEbf+jDv/xulDUNEDFw7n3Mu990Qpo0o7zodVWFldW98obpa2tnd298r7B20lMolJCwsmZDdCijDKSUtTzUg3lQQlESOdaHw58zv3RCoq+J2epCRM0JDTmGKkjRQEMoE3BKWxFMN+ueLYVc+v1Rzo2O6Z49V9Q7yaW/UvoGs7c1TAEs1++T0YCJwlhGvMkFI910l1mCOpKWZkWgoyRVKEx2hIeoZylBAV5vObp/DEKAMYC2mKazhXv0/kKFFqkkSmM0F6pH57M/Evr5fp+DzMKU8zTTheLIozBrWAswDggEqCNZsYgrCk5laIR0girE1MJRPC16fwf9Ku2q5n12/rlcb1Mo4iOALH4BS4wAcNcAWaoAUwSMEDeALPVmY9Wi/W66K1YC1nDsEPWG+fLoqR1Q==</latexit>

Leapfrog

No time-reversal symmetry 
- can be important in some applications
May be better than Leapfrog when E is not conserved (damping, driving)


