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We will generally deal with Hamiltonian systems, which are defined by specifying a set of

canonical variables p;, ¢; satisfying canonical relations

{pis a5} = dsj,

where {...} denotes the Poisson bracket.
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where

is the sympectic skew symmetric operator. It is easy to check that any orthogonal transformation

Q= R(\)g, P=R(\)p (3)

preserves both the Poisson brackets and the symplectic operator. A general class of transformations

which preserve the Poisson brackets are known as canonical transformations and can be expressed

trhough the generating functions (1). It is easy to check that infinitesimal canonical transformations

can be generated by gauge potentials

AR
Opj

N 0A(N, P, Q) 5,
aqj

gj(A+6A) = ¢;(N) (4)

pj(A+6A) = p;(A) (5)

where A parametrizes the canonical transformation and the gauge potential A is some function of
canonical variables and parameters. Then up to the terms of the order of §A? the transformation
above preserves the Poisson brackets

A 94
Op;0q;  Op;0q;

{Pi(A+ 6X), g (A + 6N} = 6;; + 6A < ) +O(5X2) =6, +O(6X%).  (6)

Ezercises.

(i) Show that the generator of translations ¢(X) = qo—X 1is the momentum operator: A (g, p) =
p. You need to treat X as a three component parameter X. Note that the number of particles (and
thus phase space dimension) can be much higher than three.

(ii) Show that the generator of the rotations around z-azis:

¢2(8) = cos(0)qzo — sin(0)qyo, qy(0) = cos(8)qyo + sin(0)gzo,

P2(0) = cos(0)pzo — sin(0)pyo, py(0) = cos(0)pyo + sin(f)pzo,

is the angular momentum operator: Ag = prqy — DyQe-
(#ii) Find the gauge potential Ay corresponding to the orthogonal transformation (3).

Hamiltonian dynamics is a particular canonical transformation parametrized by time

OH 0Op; OH

dqj _ N 0 Opj _ N o



Clearly these Hamiltonian equations are equivalent to Egs. (5) with the convention A; = —H.
One can extend canonical transformations to the complex variables. Instead of doing this in all
generality we will focus on particular phase space variables which are complex wave amplitudes.

E.g. for Harmonic oscillators for each normal mode with the Hamiltonian

2 2
P mwi o

H, = Pe | Mk 8

k=g +2Qk (8)

we can define new linear combinations

L MWE 1 N
pe= iy 5 - ), g =[5 (et a) (9)

aj, = \}5 ((MW— \/n%kpo , a = \}5 <Qk\/TTWk+ \/TjT%pk> : (10)

Let us now compute the Poisson brackets of the complex wave amplitudes

or equivalently

{ak, ar} = {ap, a} = 0, {ag, ap} = i. (11)

To avoid dealing with the imaginary Poisson brackets it is convenient to introduce new coherent
state Poisson brackets

0A 0B 0B 0A

A, B}, = —_ = AA.B, 12
{4, B} zk: day, daj  Oay, daj (12)
where
— —
o 0 0 0
A= — — — 1
zk: Oay, Oaj,  Oaj, Oay, (13)

As for the coordinate momentum case, the coherent symplectic operator A, is preserved under the

canonical transformations. From this definition it is immediately clear that

{ak, agle = g (14)

Comparing this relation with Eq. (11) we see that standard and coherent Poisson brackets differ

by the factor of ¢:

(=i e (15)

Exercise. Check that any unitary transformation ay = Uy a), where U is a unitary matriz,
preserves the coherent state Poisson bracket, i.e. {&k,dZ}c = Opq. Verify that the Bogoliubov

transformation

vk = cosh(bx)ag, + sinh(0x)a™ ;. v = cosh(0x)ay, + sinh(0)a_g, (16)



with 0, = A_j, also preserves the coherent state Poisson bracket, i.e.

e v=kte = {70 te =0, {vsvite = {r=r Vi te = 1 (17)

Let us write the Hamiltonian equations of motion for the new coherent variables. Using that

dA 0A 0A

_— — — 1

o oy {A,H} = 5N —i{A,H}, (18)
and using that our variables do not explicitly depend on time (such dependence would amount to

going to a moving frame, which we will not consider here) we find

dag oH dak B oOH
Zﬁ*{akaH}c 8*’ — ={ap, H}c = — 87ak (19)

These equations are also known as Gross-Pitaevskii equations. Note that these equations are
arbitrary for arbitrary Hamiltonians and not restricted to Harmonic systems.

And finally let us write down the Liouville equations of motion for the probability distribution
p(q,p,t) or p(a,a*,t). The latter just express incompressibility of the probability fllow, which
directly follows conservation of the phase space volume dI' = dqdp or dI' = dada™ for arbitrary
canonical transformations including time evolution and from the conservation of the total proba-

bility pdI™:

B dp Op 8
or equivalently
Op
—{p, H}. 21
P o Y, 1 = (o, 1) (21)

1. QUANTUM SYSTEMS IN FIRST AND SECOND QUANTIZED FORMS. COHERENT STATES.

Now we move to quantum systems. As for the classical systems let us first define the language.
We will use two different representations of the operators using either coordinate-momentum (first
quantized picture) or creation-annihilation operators (second quantized picture). In the second
quantized form we will be only considering bosons because finding semiclassical limit for fermions

is still an open question. These phase space variables satisfy canonical commutation relations:
[di B3] = ihdij, (a3, al) = i (22)

Throughout these notes we introduce “hat”-notations for the operators to avoid confusion with

the phase space variables. From this relations it is clear that in the classical limit the commutator



should reduce to the coherent state Poisson bracket. As in the classical systems any Unitary
transformation of the canonical variables preserves their commutation relations.

Since we will be always keeping in mind the classical limit we will be predominantly working
in the Heisenberg representation where the operators are time dependent and satisfy canonical

equations of motion

L dgi o L dDi

=G, H = i7H7 23
TN T ) (23)
da; o odal L
ZHE = |a;, H], ih e la}, H]. (24)

As in the classical case these equations can be thought of as continuous canonical transformations
parametrized by time. Next let us define representation of these operators. For canonical coordinate

and momentum the natural representation, which is most often used in literature is coordinate,

where

. . 0

4j = 5, pj = —zh%j (25)
This representation is realized using coordinate eigenstates |Z) = |z1,z2,...,za) such that any

state |1) is written as

) = / DEH(#)|). (26)

Here M denotes the total number of independent coordinate components, e.g. in the three-
dimensional space M is equal to three times the number of particles.
In a similar fashion the natural representation for creation and annihilation operators is given

by coherent states:

r,_0

S 2

a; — o, a

Clearly in this form the creation and annihilation operators satisfy canonical commutation rela-
tions (22). Coherent states can be created from the vacuum state by exponentiating the creation

operator:
a t
12 .
o1, ag, . ang) = [ el /2e%%)0), (28)
j=1
where |0) is the global particle vacuum annihilated by all operators a; *. One can check that these

! Note that there is a sign mismatch between a'|ay = Oa|a) and the representation (27). This is because the
derivative operator acting on the basis vector is opposite in sign to the derivative operator acting on the wave

function |¢) = [ datp(a)|a).



coherent states are properly normalized:

/DozDa*(ozl,ozg, coaplar, g, oap) =1, (29)

where we use the integration measure dada® = dR(a)dI(«)/7. Unlike the coordinate states they

are not orthogonal, which means that the coherent state basis is over-complete.

I1l. WIGNER-WEYL QUANTIZATION

A. Coordinate-Momentum representation

We are now ready to formulate phase space representation of quantum operators and the density
matrix. To simplify notations we suppress component index in phase space variables except when
extensions to multiple components is not straightforward. For any Hermitian operator Q(cj, p) we

define the Weyl symbol, which depends on the corresponding phase space variables ¢, p:

O (0.0) = [ de (4 §| 2.

q+ §> e/, (30)

The Weyl symbol is clearly uniquely defined for any operator with off-diagonal elements in the
coordinate space decaying to zero. We will consider only such operators. In the classical limit
the exponential term exp[ip€/h] very rapidly oscillates unless £ is very close to zero. Thus we see
that the Weyl symbol becomes equal to the classical function (g, p). Before proceeding let us
point that there is some ambiguity in defining quantum classical correspondence in this way. In
particular, instead of Eq. (30), one could define a continuous range of functions characterized by

some real number e:

Oulg,p) = / dé (q — €| Q. 5) |q + (1 — )€) P/ (31)

This transform is always well defined and one can show that it is possible to build complete and
unique phase-space representation of any quantum-mechanical operator for any e. For coherent
states such freedom is well understood leading to P and ) (Husimi) representations (see Refs. (2; 3))
for details. Clearly Weyl symbol corresponds to the symmetric choice € = 1/2. In these lectures
we will stick only to the Weyl quantization.

Let us now compute the Weyl symbol for some simple operators. First let Q(g,p) = V(q)

depends only on the coordinate. Then obviously

Viv(q) = / dEV ()5(€)e™S/" = V(g), (32)



i.e. the Weyl symbol amounts to the substitution the operator ¢ by the number ¢q. One can check

that the same is true for any operator depending only on momentum

Qw (p) = Q(p) (33)

The easiest way to see this is to note that the definition of the Weyl symbol is symmetric with
respect to q <> p.

Ezxercise. Write down an explicit expression for the Weyl symbol of a general operator (30) as
an integral in the momentum space.

Now let us consider a slightly more complicated operator Q((j, p) = ¢p. Then

@mw~=/ﬁaq—squ—sﬂmm+amwwﬂﬂ=/’5/ (4 €/Dhe @D = pg 71 (34)

To get the last result we inserted the resolution of identity

1= [ oo

inside the matrix element appearing in the integral. In the same way we can find that

ih

(bag)w = pa — - (35)

Ezxercise. Complete details of these calculations.
For a general “normal” ordered operator Q(Q, p) such that the coordinate operators appear on

the left of momentum operators the Weyl symbol (30) can be written as

déd —1 i}
Qw(q,p)Z/ng(q—g,erg)e &n/2h, (36)

The equivalence of Egs. (36) and (30) can be established by the same trick of inserting the iden-
tity (III.A) into Eq. (30).
Ezercise. Consider a fully symmetrized polynomial of p and q of degree n, which can be repre-

sented etther as

A~

Qn (P, 4) = PQ—1(P, @) + Qn1(p, Q)P

or as

~ ~

Qn(ﬁv d) = an—l(ﬁa qA) + Qn—l(ﬁ7 d)Q7

where (4, 1(p, G) is the symmetrized polynomial of degree n — 1. Prove that the Weyl symbol of the

fully symmetrized polynomial is simply obtained by substituting p — p and § — q. For example

(P4 + 4p)w = 2pq, (9°G + 2pap + 4p°)w = 4p°q. (37)



While the integral expressions for finding the Weyl symbol are very general, it is very useful to
introduce the representation of the canonical coordinate and momentum operator, which gives the

Weyl symbol right away. This is known as the Bopp representation:

. iho _  ihd
q—q+§0fp,p—p—26q~ (38)

This representation clearly respects the canonical commutation relations (22) and is symmetric
with respect to coordinate and momentum. Then the Weyl symbol of the arbitrary operator

Q((j,ﬁ) is given by
w4, p) = Qg+ ih/20,,p — ih/20,)1, (39)

We wrote unity on the right of this expression showing that derivatives acting on unity give zero.

» il il il il
(Gp)w = (q + 28p> <p — 28q> 1= (q + 26p> P=pat g, (40)

which is the correct result. Similarly

For example

, 2
(@ )w = <q + Zj(%) Pt = ¢t + 242 (9pp - *52 p°q* + 2ihgp — h; (41)
One can check that this is also the correct result by e.g. explicitly performing integration in
Eq. (36).

Let us prove Eq. (39). First note that if we prove this statement for a normal ordered operator
anﬁcmﬁ" then we will automatically prove this statement for any operator, which is analytic in
G and p. Indeed obviously any analytic function can be represented as a sum of normal ordered
polynomials of § and p. Thus if we prove the statement for Qi We prove it for any operator. Since

the latter is normal ordered we can use Eq. (36)

) dédn (- E\™ o—i€n/(21) / / dfd?? n RO\ eiEn/(2h)
// 47rh< ) ( ) 47Th ) (g zh@n) ¢

:/dn (p+ )" (a—indy)" 8(n) = (a+ o)™ (p+ 3)" | = <q+ ﬁa)mpn (42)

Thus we proved that the representation of ¢ is indeed given by the Bopp operator. Bopp represen-
tation of p e.g. immediately follows from the commutation relation. Alternatively it follows from

the symmetry of the definition of the Weyl operator with respect to the change p < ¢, & < —n.



Let us note that there is an alternative Bopp representation expressed through the left deriva-

tives:

NE

Sl
-~
>
(S5

. s—pt 29 43
i=q D p+26q (43)

where the left derivative now acts on the operator on the left. While for now left and right repre-
sentations are equivalent as we will see later causality uniquely defines the correct representation
when we consider non-equal time correlation functions.

Ezercise. Considering polynomial functions or otherwise prove the equivalence of two Bopp
representations (38) and (43).

As a next ingredient of the Weyl quantization we will establish rules for addition and multipli-

cation of operators. The former are trivial
(1 + Qo)w = Quw + Qaw, (44)

The Weyl symbol of the product of two operators is much less trivial; it is given by the Moyal

product:

(21202)w (g, p) = Q,w(g,p)exp [—?A] Q2w (g: ), (45)

where A is the symplectic operator introduced earlier (I). As earlier, before proving this relation

let us first check that it agrees with simple results

th
- == 0= - 46

2

ih} z’h[%c‘) 9 0
2

(@p)w = qexp [—21\ p=qp—q—

where we used that all higher order terms in the expansion of the exponent give zero because
they contain higher order derivatives with respect to ¢ and p. Clearly we got the correct result.

Similarly

dpdq  0qp

i[9 90], m[90 907,
5 p —q 5|5 b

5222 2 ih 2
= —7A pr— —_— — —_—— ——
(@ P )w qGXP[ 5 ]p ap —q 5 |9p9q " a0p
h2
=P’ +2ihpg — =, (47)
which is again the correct result (cf. Eq. (41)). The proof of the Moyal product relation is
straightforward, but somewhat lengthy. It can be found e.g. in Ref. (4). Another way to prove

this relation is to consider the Bopp representation and check manually that

@imwen |- 58| ot = (0+50) (- 50,) wman. @
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Exercise. Optional. Prove the relation above starting from m = 0 and arbitrary n and then
generalizing the proof to arbitrary m.

The Moyal product obviously satisfies the following relation
Qq w exp [—ZLA} Qo w = Qo exp [—l—;ﬁj\} O w. (49)
From this relation we immediately derive the Weyl symbol of the commutator
[, Qo] = —2iQ w sin (ZA) Qow = =il {Q1w, Qw s (50)
where “MB” stands for the Moyal bracket:

2 h

Obviously in the classical limit & — 0 the Moyal bracket reduces to the Poisson bracket (cf. Eq. (2)).

Weyl symbol of the density matrix p is known as the Wigner function:

Wia.p) = [ deta~€/20pla+ /27" = [depla—€/2.q+ /27, (51)
In particular, if the density matrix represents a pure state: p = [¢) ()| then
W(q,p) = /dfw*(q +&/2)Y(q — £/2)eP/M, (52)
The Wigner function is normalized and in this sense it is similar to the classical probability distri-
bution
dqdp .
S5 W (ep) = [ dadépla —&/2,q+£/2)5() = Tr[p] = 1. (53)

Unlike probability distribution, the Wigner function is not necessarily positive (as we see later
considering explicit examples). Therefore it is often referred to as the quasi-probability distribution.

Now let us prove that the expectation value of any operator is given by the average of the
corresponding Weyl symbol over the Wigner function:

dqdp

(©a.5) = Tlp0%a.0) = [ FEW .0 .0 (54)

This statement proves that the Wigner-Weyl quantization, i.e. representation of quantum systems
through the Weyl symbols and the Wigner function, is complete. The proof of this statement is
straightforward:

/ %W(q,p)ﬂw(q,p) = / % / dé / dg' (q—£€/2|plq+€/2) (q—€' /2| g+E' /2) explip(€+€) /B

- / dg / delq — £/21pla + €/2) (g + £/2/0q — £/2) = / dglalpQlq) = Te[p0).  (55)
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Let us consider an example of a harmonic oscillator

2 132 mw? ~2

=X T 2 56
5 T 54 (56)

First consider the zero temperature density matrix corresponding to the ground state wave function

]_ 2 2 FL
— —q°/(4ag) -
|v0) (27m3)1/4e , Qg 5 (57)
Then the Wigner function
1 (@+&/2°  (a—&/2*] aesm ¢ P h
%% = [ d — _ ip€/h — 9 -4 2 -
(Q7p) / f 271'(1(2) exp |: 4(1% 40/3 € €xp 2@(2) 2p(2) » PO 2a0

(58)
Thus the Wigner function is positive Gaussian function for the Harmonic oscillators in the ground
state. It is easy to realize that this is true for any harmonic system in the ground state since the
latter can be always represented as a product of the ground state for each normal mode. This
simple Gaussian structure persists to finite temperature states. In particular for a thermal density

matrix
.1 — Bhw(n
r=7 E e +1/2)\n>(n| (59)

the Wigner function reads:

(60)

2 2
W (q,p) = 2tanh(hw/2T) exp [ q » ]

242 coth(fiw/2T)  2p2 coth(hw/2T)
This result clearly reduces to Eq. (58) in the zero temperature limit. In the high temperature
regime fuw < T we can approximate coth(hw/2T") by 27'/hw and thus
[_pz/Qm + mw2q2/2}
T )

hw
W(q,p) = T exp

(61)
which is exactly the classical Boltzmann’s distribution of the Harmonic oscillator up to the factor
of h, which is due to the integration measure dgdp/(27h).

Ezxercise. Prove Eq. (60). Hint. One possibility is to expand both the Wigner function and the
final result in powers of exp|—Bhw]. Another possibility is to use coherent state representation of

the Wigner function discussed below, where all calculations are much simpler since they do not

require using Hermite polynomials.

B. Coherent state representation.

All results in the momentum representation immediately translate to the coherent state rep-
resentation. Since the proofs are almost identical we will simply list the main results and show

several examples.
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First let us define the Weyl symbol of an arbitrary operator written in the second quantized
form Q(&, a'). As earlier we suppress the single-particle state index in the operators @ and a' to

simplify notations.

O(a,ah ’a + g> o3 (" a=na®), (62)

Here |o) denote coherent states. As in the coordinate momentum representation the Weyl symbol
of a symmetrically ordered operator can be obtained by simple substitution @ — a and a' — a*.
Ezercise. Using the definition of the Weyl symbol above prove that (a'a + aa')y = 2aa*.
For normally ordered operators, where all &' terms appear on the left of @ terms, Eq. (62)

implies
Qw (a,a*) = //dndn*Q (a* —1*/2,a +n/2) e 1M°/2, (63)

As in the coordinate representation Weyl quantization is naturally associated with the coherent

state Bopp representation

%
4 . 1o 10
B'=a"-5--=a +2<_8a’ (64)
. 10 10
a_a+§8a*_ "~ 20a* (65)

The complex derivatives here are understood in the standard way through the derivatives with

respect to real and imaginary parts of a:

o 10

0 10 io 0 14 i "
da  20Ra 20Fa’ da*  20Ra  20Sa’

The choice of the representation with the conventional (right) derivatives and the one with left
derivatives is arbitrary. However, as we discuss below, for time dependent problems it is dictated
by causality. This representation of creation and annihilation operators is clearly symmetric and
preserves the correct commutation relations. It also automatically reproduces the Weyl symbol of
any operator. Let us illustrate this representation with a couple of simple examples. First consider
the number operator 7 = afa and its normal ordered square: : n? := afafaa. First we evaluate the
Weyl symbol using Eq. (73):

1

mw = [ dndy’ (@~ [2)(a-+ /D) expl-nP /2 =a'a - 3,

i w = [ dnd' (@~ 0 2P+ 02 expl- a2 = [al! ~ 20+ 5. (67
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Next we do the same calculation using the Bopp representation

1 1
Ny = <a* - 2&1) a=a"a— 2

1.\’ 1 1
(% w = (a* - 28a> a? = |a|* — a*9a® + 182 2= la|* - 2Ja® + 3 (68)

For simple polynomial operators Bopp representation gives the simplest way to evaluate the Weyl
symbols of the operators.

Again by a close analogy to the coordinate-momentum representation it is straightforward to
show that the Weyl symbol of the product of two operators is given by the Moyal product (cf.
Eq. (45)):

- A,
(Q21Q2)w = Q1w exp [2} Qo w, (69)

where the symplectic coherent state operator A. is defined in Eq. (13). From this result we

immediately derive that the Weyl symbol of the commutator of the two operators is
A | Ac
[Ql, QQ} = 2917{/[/ sinh 7 ngw, (70)

which can be termed as the coherent state Moyal bracket.
Let us check that in this way we can reproduce the Weyl symbol of the operators considered

before

1 1
(aTa)w = a* exp[A./2]a = a*a + ga*ACa +0=a%a— 2

1
(@lataa)w = (a*)[1 + Ac/2 + AZ/8 4 0]a® =a|' —2laf + . ()

which are identical to Eq. (68).

The Wigner function is again defined as the Weyl symbol of the density matrix:

W (a,a*) ://dn*dn <afg

The expectation value of any operator is given by averaging the corresponding Weyl symbol

[)‘aJr g>e%<ﬂ*“—”“*>. (72)

weighted with the Wigner function:

(©(a,ah)) = / / dada* W(a, a")wa, a*). (73)

So the Wigner function again plays the role of the quasi-probability distribution of the complex

amplitudes.
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Let us consider few simple examples of Wigner functions. We start from the vacuum state:

p =10)(0]. Note that the overlap of the ground state and the coherent state is
{0]a) = exp[—|al*/2]. (74)
Thus
Wola'.a) = [ [ dntanexpl-af = o/ 4eb* ) —2exp(-2laf? (75)

Ezercise. Prove the result above by completing the square.

Similarly the Wigner function of any coherent state is a shifted Gaussian. If p = |a)(«| then
Wa(a*,a) = 2exp[—2|a — af*] (76)
The proof of this result is essentially the same using that:
(ala) = exp[~|af*/2 —|af?/2 + a"a]. (77)

Exercise. Prove that for finite temperature density matriz of the non-interacting system H = hwa'a

the Wigner function is a Gaussian:

Wr(a*,a) = 2 coth (;‘;) exp [—2\a2| tanh (;‘;ﬂ : (78)

Another important example is the Wigner function of the Fock state

IN) = 10) (79)

The overlap of the Fock state and coherent state is obviously

a exp[—lal*/2]

Nla) = 80
(Nla) = 2 (50)
Therefore
Wy (a*,a) = 1//d77d17* e -T) (a + Q>Ne"“'2‘|’7‘2/4e%(’7*“"7“*)
’ N! 2 2
4 2 2 2 N N‘
_ ~ g~ * =k \N \N —2|a|?—|7] _ —2lal _1\N—-m 2m :
N!//dndn (2a" —7")" (2a+7)"e de mZ:O( 1) 24 (m)2((N — m)!)2
N
drdi* ~12(N—m) —|7|? —4(—1)N —2|al? —1)™[92 ZmL —9 —2|a|2L Alal?
A P 1 = (1) Ve Y (1) e e = 20 Ly (dlal?),
= ! !

(81)
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where Ly (z) is the Laguerre polynomial:

N
£ae) = 0 L O ™

m=0

Ezxercise. Complete calculations to prove Eq. (81). Visualize this distribution for various N.
Unlike previous examples involving coherent states, the Wigner function for the Fock state is
very non-local, especially at large N. It highly oscillates at |a|> < N and then rapidly decays at
la|> > N. Due to these oscillations it is e.g. very hard to use this Wigner function for Monte-Carlo
sampling so one can try to find approximate Wigner functions which correctly reproduce the lowest
moments of the true distribution. The simplest example of an approximate Wigner function would

be a Gaussian Wg(n), where n = a*a:
1 _ (n=ng)®

Wg(n) = We T2 (82)

Because we will be interested in large N we can extend the range of n to the full real axis.

Unphysical negative values of n will occur with vanishingly small probability. We will require that

this function correctly reproduces the first two moments of the number operator:

o0 1 1
N = (A) = / dnnaW(n) =71~ =g — (83)
and
N2=(m%)=(a?:4n)=n2 —2n+1/2+n—1/2 =n2 + 0 — ny, (84)

where the over-line implies averaging with respect to the approximate Wigner function Wg(n).

The first equation implies ng = N + 1/2 and the second gives

1 1 1
N2:N2+N+Z—N—§—|—02:>a:§. (85)

Thus the best Gaussian approximation to the Wigner function for the Fock state is

Won) = ——e2(n-N-4)", (86)

C. Coordinate-momentum versus coherent state representations.

To summarize the discussion above we will contrast the two phase-space pictures in Table I. This
table highlights close analogy between particle and wave pictures. While the two representations are
formally equivalent one can build different approximation schemes using these representations as
starting points, e.g. expanding around different classical limits one representing classical particles
evolving according to the Newton’s laws and another classical waves evolvong according to Gross-

Pitaevskii (or Ginzburg-Landau) equations.
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TABLE I Coherent state versus coordinate momentum phase space

Representation coordinate-momentum coherent
Phase space variables q,p a,a*
Quantum operators q,p a,al
. q—q, p— —iko a—a,at - -9
Standard representation 4 @
(coordinate basis) (coherent state basis)
Canonical [Go, D8] = thdu g [, dj] = 0y;
commutation relations (a, B refer to different particles) (i, j refer to single-particle states)
Quantum-classical q—q,p—p, [A B — —ih{A, B} a—a,a —a* [A B — {A B},
DA OB _ OA OB
correspondence {A,B} =", %% - %%ﬁ {A, B} = ZJ da; a3 — Da’ da,
. Wi(a,a*) = [ [dn*d + 1
Wigner function W(q = [d¢ < % %> e'PE/N (a,a%) = [ Jdn*dn < 2>
X e%("l*a_"la*)
. _ Qw (a,a*)= [ [dn*dn 1)
Weyl symbol QW(q,p):de<qf§‘ Q ’q+%>e”’£/h ’ . . 2
X eﬁ("] a—na )
(1 Q)w = LW EXp [—2A] Qo w, (U Q)w = Qwexp [5¢] Qow,
Moyal product 3 Pl 5 3 il 5}
A=Y o0 0 0 A=Y 9 8 _d
o Bpa 6qa 9qa Opa ¢ J daj day ~ BaZ Da,
Moyal bracket {0, Q} 5 = %Ql sin [%A} Qy {0, D2}y e = 29 sinh [% ]
= =
a=at$F=a-2%, W —a e b
Bopp operators
ih & a ) Kl

D. Spin systems.

The machinery developed above allows one to extend the Weyl quantization to spin systems.

The spin operators satisfy the canonical commutation relations:

[éa, '§b} = i€qpcSc, (87)

where €4 is the fully antisymmetric tensor. The classical limit corresponds to the spin quantum
number S > 1 so we expect that quantum-classical correspondence will be exact in the large S-
limit. Formally spin systems can be mapped to boson systems using the Schwinger representation:

. _ ala—pip
S ) s

st =alp, 5 = jfla. (88)

This representation allows us to apply results from the previous section directly to the spin systems
without need to introduce spin-coherent states. The bosonic fields « and 3 in Eq. (88) should satisfy

an additional constraint n = aféa + BTB = 25. Note that any spin-spin interactions commute with
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this constraint for each spin, therefore if the constraint is satisfied by the initial state, spin dynamics
is equivalent to the dynamics of bosons.

Using Egs. (64) and (65) we can find an analogue of the Bopp operators for the spin systems:
*a — [* 1 0? 0? 1 0 0 0 0
§Z:M_ < >_<* a@_ﬁ* +5>7 (89)

2 8 \0ar0a ~9prap) 4 \" dar ap " "o
i =a* B+ % (wa‘; - 55}) — iaj;ﬁ*, (90)
e b (o) L o
These equations can be also written using compact notations:
ézs—;[sxﬁ}—;{ﬁ—i—(s-ﬁ)ﬁ—;svz}, (92)

or equivalently

. z< 0 8) 10 sz<82 0? 82> sy 02 8y ok

S5, =8,— =

2\"0s, Vo5, ) 805, 16 \0s2 02 0s2) 8 95,0, 8 Dyl D
and similarly for other components. Here V= 0/0s and
=Xa—pb  _dbtlae  _of-Fa (94)
2 2 21

are the Schwinger representation of the classical spins. One can check that these momentum

variables satisfy standard angular momentum relations:

{sa,58} = €085y (95)

These expressions can be used in constructing Weyl symbols for various spin operators. Let us

give a few specific examples:
(82)w = sz, (*—%)W =8 — 2, (8:82)w = 250 + S8y (96)

Ezercise. Verify the equations above.

In principle, the mapping (88) is sufficient to express the Wigner function of any initial state in
terms of the bosonic fields @ and 8. General expressions can be quite cumbersome, however, one
can use a simple trick to find a Wigner transform of any pure single spin state and the generalize
it to any given density matrix. Assume that a spin is pointing along the z-axis. This can always
be achieved by a proper choice of a coordinate system. Then in terms of bosons & and B the initial
state is just |2S5,0). In other words the wave function is a product of two Fock states one having

2S particles and one 0 particles. The corresponding Wigner function is then (see Eq. (81):

W (a, o, 8, 8%) = de~ 2P =287 [y o (4)a?). (97)
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At large S the Laguerre polynomial is a rapidly oscillating function and very inconvenient to deal
with. So instead of the exact expression to a very good accuracy (up to 1/5%) we can use a Gaussian

approximation (cf. Eq. (86) one can use
W (a, B) ~ 2v/2e 28 ¢ =2(a*~25-1/2) (98)
Then the best Gaussian approximation for the Wigner function reads
- 2 25 _4(s,—S)?
W(ss,§1)~ e SL/PeT TR (99)

/7S

The Wigner function is properly normalized using the integration measure ds;ds,ds, =

2ms) ds) ds,. This Wigner function has a transparent interpretation. If the quantum spin points
along the z direction, because of the uncertainty principle, the transverse spin components still

fluctuate due to zero-point motion so that
(100)

This is indeed the correct quantum-mechanical result. It also correctly reproduces the second

moment of s,:

—_— 1 1
<33>:32—1/8252+§—§252, (101)

where we used Eq. (96) for the Weyl symbol for s2. Clearly from Eq. (97) one can derive the Wigner

function for a spin with an arbitrary orientation by the appropriate rotation of the coordinate axes.

IV. QUANTUM DYNAMICS IN PHASE SPACE.

Next we move to time-dependent systems. In this section we will focus on coherent state phase
space since it found more applications to interacting systems. All results immediately translate to
the coordinate-momentum picture using Table I. We will explicitly quote only final expressions

where necessary.

A. von Neumann’s equation in phase space representation. Truncated Wigner approximation

Time evolution of the density matrix for an arbitrary Hamiltonian system is given by the von

Neumann equation:

ilip = [H, p). (102)
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Taking the Weyl transform of both sides of the equation and using Eq. (70) for the coherent state
Moyal bracket we find:

. 1
thW = 2Hyy sin {21&0} w.. (103)
This equation in the coordinate-momentum representation reads
. 2 h

If we expand the Moyal bracket in the powers of the symplectic operator A, (or A) and stop at the
leading order then clearly the von Neumann’s equations (103) and (104) will reduce to the classical
Liouville

h and stop in the leading order then the Moyal bracket reduces to the Poisson bracket and the
von Neumann’s equation (21) reduces to the classical Liouville equations (21) with the Wigner
function replacing the classical probability distribution. It is interesting that in the coordinate-
momentum picture the classical limit is formally recovered as h — 0 as expected. In the coherent
state picture the classical limit is found when the occupation number of relevant modes becomes
large N = a*a — oo. The Planck’s constant merely sets the time units and can be completely
rescaled. Of course the mode occupation number in e.g. harmonic equilibrium systems is given by
the ratio T" and hw and diverges as h — 0 so there is no inconsistency.

This leading order approximation where the Wigner function satisfies the classical Liouville
equations is known in literature as the truncated Wigner approximation (TWA). Formally it is

obtained by truncating the expansion of the von Neumann’s equation
. 1 1
W = 2Hyy sin [2AC] W = Hy AW + ZHWAEW + = Hy AW (105)

at the leading order in 1/N (h). Let us make a few comments about TWA. First we observe that it is
exact for non-interacting systems which involve particles in a harmonic potential, non-interacting
particles in arbitrary time-dependent potential, arbitrary non-interacting spin systems in time-
dependent magnetic fields and others. This observation immediately follows from noticing that for
such systems all terms involving third and higher order derivatives of the Hamiltonian identically
vanish. Second we observe that the Liouville equation can be solved by characteristics, i.e. the
probability distribution is conserved along the classical trajectories. Thus classical trajectories
have the same interpretation within TWA: they conserve the Wigner function. This implies that

within TWA the expectation value of an arbitrary observable can be written as

(O) = /dada*Wo(ao,aé)Ow(a(t),a*(t)yt)a (106)
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where Wy(ag,aly) is the initial Wigner function and a(t) and a*(t) are solutions of the classical
Gross-Pitaevski (Netwon’s in the corpuscular case) equations satisfying the initial conditions a(t) =
ag, a*(t) = af. Finally let us point that TWA is asymptotically exact at short times. We will
present the formal proof in the next section when we discuss the structure of quantum corrections.
But heuristically this statement relies on noting that formally A, divided by an energy scale, sets
the time unit and thus the classical limit A — 0 is equivalent to looking into very short times.

In many-particle systems one rarely considers interactions higher than two body, i.e. involving
more than four creation and annihilation operators. This means that the expansion of the Moyal
bracket always stops at the third order and the exact evolution equation for the Wigner function
is

T — Z OHw OW  OHw OW n 1 P Hw OBPW B PHw PW 7
- Oaj Oa;  Oaj Oaj 8 ~ da;0a;0ay, Oa;da;day  dajdajOay, a;0a;0ay

40

(107)

where for completeness we inserted all single-particle indices. This third order Fokker-Planck
equation is relatively simple looking. However, there are no available methods to solve it for
complex systems. In particular, it can not be solved by the methods of characteristics, i.e. there
is no well defined notion of trajectories. In the next section we will show how one can solve this
equation perturbatively using the notion of quantum jumps.

Quantum jumps also appear in the context of finding non-equal time correlation functions.
Intuitively such jumps are expected from basic uncertainty principle. E.g. measuring the position
of a particle at time t necessarily induces uncertainty in its momentum and affects the outcome of
the second measurement at a later time. It turns out that the Bopp representation is most suitable
to analyze the non-equal time correlation function. We simply understand derivatives appearing
in Egs. (38), (43), (64), (65) as a response to an infinitesimal jumps in phase space variable, which
can be calculated either instantaneously for equal time-correlation functions or at a later time for

non-equal time correlation functions. E.g. for t; < to

(af(t1)a(ty)) = //daodaEk)W(ag,aa) <a*(t1)a(t2) - ;gzgj;> (108)

The last term is understood as a linear response of the function a(t2) to infinitesimal jump in a at

the moment ¢1: a(t;) — a(t1) + da. This representation is valid even if £; > t2 but then it becomes
not casual because the response of a(ty) is evaluated to the jump, which will occur in the future.
Here it is much more convenient to restore causality by using the left Bopp representation (43).

Then e.g. again assuming that t; < tg

(ttz)al () = [ [ daodai a0, ai) (attaa () + 5 5202 ) (109
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In the classical limit the two expressions clearly coincide but in general the two responses are
different. In particular, the non-equal time commutator, which is up to a factor is the retarder
Green’s function appearing in standard Kubo linear response theory, is given purely by the response

to the jump:

([a (t1), a(ty)]) = //daodaSW(ao,a(’;)ngj; (110)

Clearly as to — t1 + 0 we recover standard bosonic commutation relations. Conversely the sym-
metric correlation function, which appears e.g. in dissipative response of the systems, does not

contain quantum jumps:

([af (t1), a(t2)]4) :2//daodagW(ao,ag)a*(tl)a(tg). (111)
While this representation of the non-equal time correlation functions is completely general, it is
most useful within TWA, where response at a later time can be easily computed as a difference
between two classical trajectories: the original one and the one infinitesimally shifted at time ¢;.
TWA is a very powerful tool for analyzing quantum dynamics in the semiclassical limit, where
quantum fluctuations are responsible for initial seed triggering the dynamics but the consequent
evolution is nearly classical. There are many applications to quantum optics, physics of ultracold
gases, simulation of kinetics of chemical reactions, evolution of early universe and others. In these
lectures we will only consider simple applications to simple systems. Further more complicated

examples can be found e.g. in Refs. (5; 6).

1. Single particle in a harmonic potential.

As a first illustration of the phase space methods for studying quantum dynamics let us consider

a particle moving in a harmonic potential. Here all the calculations can be done analytically without
any approximations. The Hamiltonian of a single harmonic oscillator is

g P mw? oy

= — = ATA
Hy= o+ 5§ = hw(afa + 1/2), (112)

where the coordinate and momentum operators ¢ and p are related to creation and annihilation

operators @ and a! in a standard way:

N L L’A At [Tw A_L“ 113
“ V' 2h <q+mwp>’ “ on \1 7 ma?) (113)

Now suppose that the particle is prepared in the ground state and we are suddenly applying a

linear potential V(q) = —Aq. So that the Hamiltonian becomes

H=Hy— )\ (114)
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Next we compute various observables as a function of time.

Coordinate-momentum representation. First we will solve this problem using the coordinate-
momentum representation. The corresponding Wigner function is a Gaussian computed earlier
(58). Next we need to solve the classical equations of motion:

dp _
dt

—mw?q + A, % = % (115)

satisfying the initial conditions ¢(0) = qo, p(0) = po. Clearly the solution is
q(t) = qa(t) + qo cos(wt) + % sin(wt), (116)

where qq(t) = A\/mw?(1 — cos(wt)) is the classical trajectory describing the motion of the par-
ticle, which is initially set to rest. Then we need to substitute this solution to the observable
corresponding to the quantum operator of interest and find the average over the initial conditions.

For the expectation value of the position we trivially find (G(¢)) = g« (t), which is just a particular

case of the Ehrenfest’s principle. Similarly we find
(@) = 2(t) = g4 () + ag. (117)

This is of course also the correct result, which can be easily obtained from the solution of the
Schrédinger equation.
Next let us show how to compute a non-equal time correlation function. In particular, (G(¢)§(t"))

with ¢ < t'. For this we will use the time-dependent Bopp representation (38)

00 =)+ 5 5 ()

and interpret this derivative as a response to the infinitesimal jump in momentum at time ¢. Then

@B = <qd<t> +apcost) + L sinut) + jaip)

Po . op .
X t t — t — t—t
(qd( ) + qo cos(wt’) + st (wt’) + - sin(w( ))

= qa(t)qa(t’) + a% cos(w(t —t)) + ia% sin(w(t —1t)). (119)

Note that this correlation function is complex because it does not correspond to the expectation
value of a Hermitian operator. Similarly for the correlation function with the opposite ordering of

t and ¢’ we find

(@(t)q()) = ga(t)ga(t) + af cos(w(t — 1)) — iag sin(w(t' — 1)) (120)
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Therefore the symmetric part of the correlation function is simply given by

(AHZAOLEDY — g0 (e) + ottt ~ ) (121)

and the expectation value for the commutator is
(at)a(t’) — a(t)a(t)) = 2iag sin(w(t’ —1)). (122)

This commutator vanishes at ¢ — t' and rapidly oscillates if w(t' —¢) > 1.
Coherent state representation. For illustration purposes we repeat this calculation in the coher-

ent state representation. In the second quantized form the Hamiltonian of the system reads
H = hw(a'a +1/2) — \ag(a + al). (123)

The classical (Gross-Pitaevski) equation for the oscillator reads:

., Oa
’LFLE = hwa — Aag. (124)

We use a(t) and o*(t) do denote phase space variables to avoid confusion with the notation ag for

the oscillator length. This equation has the following solution

A . 4
at) = % (1 —e ™) 4+ age™". (125)

Using the explicit form of the Wigner function of the vacuum state (75) we immediately find

CL2
(0(6)) = aofa(?) T ¥ (1)) = 202 (1 — cos(ew)) = galt). (126)
Similarly
(1)) = aF(02(0) + (" (07 + 200" (0) = ¢4 (1) + . (127

We obviously got the same answers as before. Similarly one can verify the result for the non-equal
time correlation function. Of course it is not surprising that both methods give identical exact
results for harmonic systems. However, it is important to realize that once we deal with more
complicated interacting models the correct choice of the phase space can significantly simplify the
problem. Moreover the expansions around the two possible classical limits are very different. Thus
for a system of noninteracting particles moving in some external potential TWA in the coordinate-
momentum representation is only approximate unless the potential is harmonic. At the same time

TWA in the coherent state representation is exact.
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2. Collapse (and revival) of a coherent state

Next consider a slightly more complicated case of an initial single-mode coherent state evolving

according to the quartic interacting Hamiltonian
H=—a'a(a’a—1). (128)
Clearly the eigenstates of this Hamiltonian are the Fock states |n{ with eigen energies

€n = 5n(n —1).

This problem is closely related the collapse-revival experiment by M. Greiner et. al. (7). Because
the problem does not have kinetic term it can be easily solved analytically. In particular, the
expectation value of the annihilation operator can be found by expanding the coherent state in the

Fock basis and propagating it in time
i) = e P23 e, (120)
— vn!

Then we find

Al — e—loP §= Q™) iteu—en) _ ol g _(@)"amt i(en—ent1)
ooty =t 5 LD ey — o 30 L e

2|n
= qelol? Z ’an"e_iU" =aexp [|a? (e7 —1)]. (130)
~ !

n,m

Qualitatively at larger N = |a|? this solution gives first rapid decay of the coherence, where (a(t))
decays to an exponentially small number at a characteristic time 7 = UN and then at a much later
time tg = 2mw/U there is a complete revival of the state. The classical limit here corresponds to
N — 00, U — 0 and UN = X fixed. Clearly in the classical limit there is still collapse of the state
by no revival since tg ~ 27 N/\ — oo.

Next we solve the problem using TWA. For doing this we first compute the Weyl symbol of the
Hamiltonian (128):

« U U
Hir(a",a) = laf*(Jaf* =2) + - (131)

Note that there is an extra —1 in the first term Hamiltonian as compared to the naive substitution
a — a due to the Weyl ordering. Using this Hamiltonian we find classical Gross-Pitaveski equations

of motion for the complex amplitudes:

Z,8(1(t)
ot

=U(|a* = 1)a(t). (132)
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This equation can be trivially solved using that |a(t)|? = |ag|? is the integral of motion:
a(t) = ageUleol’=1)t (133)

The solution should be supplemented by random initial conditions distributed according to the

Wigner function:
W (ag, af)) = 2 exp[—2|ao — af?]. (134)

Using the explicit analytic solution of Eq. (132) and the Wigner function above we can calculate
the expectation value of the coherence (a(t)) within TWA by Gaussian integration

iUl|a)?t 1

C14iUt/2 (14 iUt/2)2 (135)

a(t) ~ aexp [ ] expliUt]

This expression is more complicated than the simple exact quantum results. Let us discuss its
qualitative features. First of all we an see that at a characteristic time 7 = 1/(UN) there is a
collapse of the coherence as in the quantum case. One can check that for times much shorter than
the revival time the TWA solution very closely matches the exact solution. However the TWA
result completely misses revivals, which are thus intrinsically quantum related to discreteness of
the Fock basis.

Ezxercise. Using Mathematica or other software plot dependence (a(t)) both using the exact result
and TWA approximation. Choose N of the order of 10 and fix U at one (this can be always done
by choosing appropriate time units). Check that TWA wvery accurately reproduces collapse already
for N ~ 4,5. Check that if you use naive classical Hamiltonian as opposed to the Weyl symbol
H = Y|a*(|a|? — 1) the agreement even at short times will be much worse.

This example highlights important potential issue with TWA: it can miss long time behavior.
One can imagine that if there is some small dephasing in the system e.g. due to decoherence such
that revivals are destroyed then TWA solution will be accurate at all times.

Let us make a remark concerning Weyl ordering in simulations of bosonic systems using TWA.
Most commonly one deals with two-body density-density interactions so typical Hamiltonian is

H(ay,al) = Y |Vyala, + Uyjalialasa) (136)
]
where V;; includes both kinetic part and the single particle potential and ¢ and j can be either
descrete or continuous indexes. Using the Bopp representation we find that the Weyl symbol for
the Hamiltonian is

* x 1 1
Hy (a5, a;) = Z [Vijoiay + Usjlai|*| o] 3 ZVM—Z |Oéi|2Uz‘j_Z \ai|2Uu~+§ ZU% (137)
i ij i i

1)
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The constant terms are clearly non-important since they only give an energy shift. The only two
important terms, which distinguish between Weyl symbol and naive classical Hamiltonian are
= il (U + 655Uss).
]
In general these terms can be very important for accurate description of dynamics using TWA. But
in the most common case of translationally invariant interactions U;; = U};_j) it is clear that this
contribution is simply proportional to the number of particles and thus has no effect on dynamics
in isolated systems since the latter is conserved. If we aer dealing with e.g. two different species of

bosons like a two-component system then this correction can become very important.

3. Spin dynamics in a linearly changing magnetic field: multi-level Landau-Zener problem.

As a final simple illustrative example we consider another situation where TWA is exact. In

particular, we will analyze dynamics of an arbitrary spin .S in a linearly changing magnetic field:

H = 2h.(t)8* + 295", (138)

where h,(t) = 6t. We assume that the system is initially prepared in some way at t = —ty and
will be interested in finding expectation values of various observables at t = ty, where ty is large
so that h,(tg) > g.

As we discussed in Sec. III.D one can map the time evolution of noninteracting spins to the
evolution of noninteracting bosons using the Schwinger representation. Therefore TWA is exact in

this case. Using Eqs. (88) the Hamiltonian (138) becomes:
H = h.(t)(a'a — §78) + g(a1 8 + BTa). (139)

The Weyl symbol of this Hamiltonian is obtained by simply replacing quantum operators &, B ,aft, BT

by complex amplitudes «, 8, o*, 8*. Then the corresponding equations of motion are

da
.dB
iy = 90— otp. (141)

These equations should be supplemented by the initial conditions distributed according to the
Wigner transform of the initial density matrix.
Note that Egs. (140) and (141) map exactly to the equations describing the conventional Landau-

Zener problem. Then the evolution can be described by a unitary 2 x 2 matrix:

Qoo = Tap + Re™By,  Boo = —Re Pag + Tho, (142)
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where (see e.g. Ref. (8))
T=eT, R=+1-T2 ¢=r|[n(y) — 1] — 2yIn(v/207T), (143)

and v = ¢%/(20) is the Landau-Zener parameter.
Using this result we can re-express different spin components at ¢ — oo through the initial

values:

a0 — ByPo
2
= (T? — R?)s§ + 2RT cos(¢)sg — 2RT sin(e)sy, (144)

s?. = (T? — R?) + afBoRTe™ + apBiRTe™®
s% = —2RT cos(p)s + (T? — R* cos(2¢))ss + R*sin(26)sy,

sY. = 2RT sin(p)si + R*sin(2¢)ss + (T + R* cos(26))sy.

Now using these expressions and the Weyl symbols of spin operators and their bilinears derived
in Sec. III.D we can compute expectation values of various operators. This can be done for any
initial state but for concreteness we choose initial stationary state polarized along the z-direction.
In the language of Schwinger bosons this is a Fock state |S — n,n), where a particular value of n

corresponds to the initial polarization s§j =S — n.

() = (T2 = B)s;

oo

((5%)%) = [T* + R* — 4T*R?] (s3)* + 2T%R%s(s + 1),

o0

(82,82, + §5,8%) = 2RT(T* — R?) cos(9) [s(s + 1) — 3((35)*)] - (145)

Note that for the conventional Landau-Zener problem corresponding to the spin s = 1/2 the last
two equations become trivial: ((32,)?) = 1 and (82_38% + 82,8% ) = 0. But for larger values of spin
these correlation functions are nontrivial with e.g. (82 8% + §% §Z) being an oscillating function

of the rate 0 and the Landau-Zener parameter ~.

V. PATH INTEGRAL DERIVATION.

In the final section of these notes we will see how all the concepts introduced earlier: Wigner
function, Weyl symbol, Bopp operators etc. naturally emerge from the Feynmann’s path integral
representation of the evolution operator. Using this approach it is also possible to understand
structure of the quantum corrections beyond TWA and understand potential extension of this

formalism to other setups: open systems, quantum tunneling problems (as possible non-classical
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saddle points). The derivations shown in this section will closely follow the discussion in Ref. (6)
with additional exercises and details of derivations. The derivation itself is very similar to the
formalism used in the Keldysh approach to dynamics of quantum systems (9). The main difference
is that we will be focusing on expansion of dynamics in the effective Planck’s constant, while in
the Keldysh technique the expansion parameter is usually the interaction strength. So the two
approaches are rather complimentary to each other despite many similarities. As in the previous
section we will concentrate on the coherent state representation and only quote final results in the
coordinate-momentum space.

Our starting point will be expectation value pf some operator Q(d, af,t). We assume that this
operator is written in the normal ordered form. To shorten notations we will skip the single-particle

indices in the bosonic fields and reinsert them only when needed.

Qt) = (Na,at, 1) = Tr [p Ty e o AOT Qg 4t et Jo ATr] (146)

Because in the coherent state picture the Planck’s constant plays the mere role of conversion
between time and energy units we set h = 1 throughout this section to simplify notations. Here
time ordering symbol T’ implies that in both exponents later times appear closer to the middle, i.e.

closer to the 2. Next we split the exponent of the time ordered integral over time into a product:

M M
TTeifOt H(r)dr _ H QIATH(75) A, H(l + iATﬁI(Tj)), TTe—ifg H(r)dr _
j=1 j=1

e—iATH(Tj)7

-

J
where 7; = jAT is the discretized time (we assume that initial time is zero), A7 =¢/M and M is a

large number. We will eventually take the limit M — oco. Next we insert the resolution of identity

[— /dajda;\ajxaﬂ

between each of the terms in the product. Because we have two exponents on the left and on the
right of the operator Q) we need to distinguish two different « fields. The one, which corresponds
to the positive exponent we term forward field ay, and the one which corresponds to the negative
exponent backward field «y ;. This notation is conventional in Keldysh technique and comes from
the ordering in the Schwinger-Keldysh contour. Loosely speaking as we move from left to right we

first increase time from 0 to ¢ and then decrease it backward to zero. Then we find

t) = [ ... | DayDajDayDa; {awolplage) e o/ Heonsitilesaiar

e OF ManQ(a;Ma ap M, t)eo‘j’ MO M o= ppab Mtag yrap m—1—iH (ap arag AT —agaeno/2, (147)
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Next let us change the variables:

Qafj+ Qb nj nj
oy = o 0 T QpG T gy & 0= Qo Qb = g

As we will see below this choice of variables automatically leads to the Weyl quantization. Other
choices e.g. «a, = a, ay = a + n will naturally lead to other representations. Physically the
symmetric field « corresponds to the classical field and 7 is a quantum field. It is intuitively clear
that in the classical limit there is a unique classical trajectory satisfying fixed initial conditions
and thus the forward and backward fields should be essentially the same. Performing this change

of variables and taking the continuum M — oo limit we find

2 P 2
t «, L 0a(T) 0a*(T)
exp{ / dT!ﬁ (M52~ ()2

+iHy <a(7’) + 1) o) + ”*(7),T> —iHy (a(f) - 1D o) - ”*(7),T>] } (148)

o) = [ DapyDapa {ao — 2lsla + ) 0 [a*(t) LT o - ”(ﬂ o HNOR o —moa)

2 2 2 2

One can recognize that the integrals over boundary quantum fields ng and 7; automatically give

the Wigner function and the Weyl symbol of the operator ) so that the expression above becomes

Q(t) _ /DUD?’]*DOCD()&*W(OC0,0CS) eXp{/O dr [n*(T) 8‘;5—7) _ "7(7) 804(;7(-7-)

Vil (a(T) + ”(QT),a*(T) + ”*S),T> iHy <a(7) _ M)y — ”*(T>,T>] }Qw(a(t),a*(t),t),

(149)

Before deriving TWA from this expression let us give a few comments on details of the derivation
of Eq. (148), which is quite subtle.
First we analyze all the terms appearing in the path integral, which do not involve Hamiltonian:

M-1

Sy = afpage/2+ afgono/2+ > [efi(arity — api) — af;(aw — apio1)]
=1

+ a;‘eo(afl - Oéfo) - OzZM(OébM — abM_l) - azoabo + a}M(abM — CYfM). (150)

The first sum in the continuum limit becomes an integral:

M-1 t

o B
E:oz}i(afﬂ_l—afi)—agiozbi—ozbi_l)—>/ dr (as(7) O‘f(T)—ag(T) o(7) , (151)
X 0 87' 87’

=1
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which under the substitutions oy — a+1/2, a, = o —n/2 and after integrating by parts becomes:

[ ar (0?57 a5 ) a0t - agm. (152)

In the continuum limit the first and the second terms after the sum in (150) clearly go to zero and

the last two read:

* * 1 * * *
(o — apar) = agoano = —laol* — |no[* /4 + 5 (agno + miao) — o™ (On(t) — In(t)*/2. (153)
Combining Egs. (150) - (153) we derive:

t r % . 9
S = /0 ir (”*“)aﬁi ) —77(7)%@7( >> IOP i) -

This immediately leads to the correct Hamiltonian independent part in Eq. (148). The part involv-
ing the Hamiltonian in that equation is very straightforward, essentially this is just the difference of
Hamiltonians evaluated on forward and backward trajectory. A more subtle result is the emergence
of the Weyl ordering. Formally it appears because the fields a and o* appear at slightly different
times. As we will see below quantum field i plays the role of the derivative with respect to the
classical field a. Thus the normal ordered Hamiltonian is actually evaluated at Bopp operators
giving the Weyl symbol Hyy.

Ezxercise. Repeat derivation of Eq. (148). Complete missing calculations.

In the leading order in quantum fluctuations we expand the integrand in Eq. (162) up to the
linear terms in 7. Then the functional integral over n(t) enforces the J-function Gross-Pitaevskii

constraint on the classical field a(t):

idpe = PSSO < fate), Hiv(at)0” @) 0), (155)

and we recover TWA (106).
Next let us move to discussion of non-equal time correlation functions. The simplest one will

be
(af(t1)a(ts)). (156)

First we assume t; < t3. We proceed in the same way as in the equal-time case by writing this
expression in the path integral form inserting forward and backward coherent states. The only new

ingredient is an extra term we encounter on the forward path

a5(t) = a*(t) + T (157)




31

Note that in the path integral n* couples to daw = a(t + At) — a(t). This implies that

2 206a

m(t) _ 1 9 fam+an+sa—attln — _ 1 9 ifa(ti+At+sa—a(t)n”
2 00

)

where we understand the partial derivative as infinitesimal response to the jump in « at the moment
t1. Thus we recover that in order to measure the non-equal time correlation functions we simply

need to make the substitution

atie) — o) B9

a'(t) = a*(t) 2 Dall) (158)
In the same way we can see that

LN ih 0

This is nothing but the Bopp representation of the creation and annihilation operators. As we al-
ready know for equal time correlation functions they automatically generate the Weyl symbol of the
observable. But for non-equal time correlation function the Bopp operators give very nice interpre-
tation of the response which occurs at a later time. It is remarkable that like the Wigner function
and the Weyl symbol the Bopp operators automatically appear in the path integral formalism.
For the opposite ordering t; > to we hit earlier time on the backward contour so the same
analysis as above holds except that we change ay — a;. But this results in change in sign in 7 and
thus in change in sign in derivatives. So we immediately recover the left Bopp representation with
the same interpretation for non-equal time correlation functions
ih @ )
280 D=0~ 350w

at(t) = o (t) + (160)

While as we discussed earlier for equal time correlation functions both representations are equivalent
and give the Weyl symbol, for non-equal time correlation functions there is an important difference.
Namely the correct representation is dictated by causality so that we always evaluate the response
to a jump, which occurred at an earlier time.

Interpretation of Bopp operators as a response to quantum jumps is particularly simple within
TWA. Then the time evolution is essentially classical before and after the jump. Thus the response
of a Weyl symbol Qy(t2) to say a jump in « at moment ¢; is literary a difference of )y evaluated

on two trajectories with and without jump divided over this jump:

892(0&(t2), Ot*(tg), tg) . Q(O/(tQ), O/*(tz), tz) — Q(Oz(tz), Oé*(tQ), tQ)

da(ty) da ’

where o/(t9) is the classical trajectory corresponding to an infinitesimal jump in «a(t1): «a(t1) =

a(t;) + da and a(te) is the same trajectory without this jump. From the Bopp representation it is



32

clear that for fully symmetric operators (equal or non-equal time) the quantum jump contributions
drop and we can evaluate them by substituting operators a by phase space variables c. Conversely
for commutators the only surviving contribution is the one containing at least one quantum jump.

While we focused our discussion on two-point correlation functions, derivation of the Bopp
representation was completely general and extends to arbitrary number of creation and annihilation

operators e.g. to three-point functions like
(af (tr)a(t2)a(ts)) (161)

Note, however, there is an important subtlety when we have three or more times involved. Namely
not all correlation functions have causal representation. In particular, if o < 1,3 there is no
casual representation of the three-point function above. This implies that these functions are not
physical and can not appear in any response. In functions, which have casual representation later
times should always occur closer to the middle.

Another advantage in the path formulation of the evolution is that it allows us to go beyond the
TWA and represent quantum corrections to dynamics as stochastic quantum jumps. We will be
quite sketchy here, further details of derivation can be found in Ref. (6). In our previous discussion
leading to TWA we neglected third order terms in quantum fluctuations coming from the difference

Hyy (a(T) N ?7(27—),02“(7) n n*éT)vT) _iHy (a(T) _ @7a*(7) _ 77*(7)77-)

in Eq. (162). To stay more focused consider the Hubbard model where (up to unimportant
quadratic in « and o terms
* U 4
Hy (o, a*) = Z§|Oéj| :
J
Thus the difference above becomes

i () 220Dy BT S ) Py (P)a (7) + () (7).
- aozj(T) a;(7) 4 -

So the exact path integral representation of the evolution gevine by Eq. 162 becomes

Qt) = /DnDn*DaDa*W(ao,aS) exp{/0 dTZ [77]*(7') (80;7(—7') + Z%Zf((:))>

J

oo’ (r T
~ () (25 —iaiyﬁ)))] + iy (PP (o (7) +nj(T)a§(T))}Qw(aj(t),Oé;‘f(t),t),

(162)
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Before we were ignoring these cubic in n terms so that functional integration over the quantum field
n(7) becomes trivial essentially enforcing the constraint of the classical Gross-Pitaevski equations
of motion for the classical field . This was the TWA. With the cubic term we can no longer

evaluate this path integral. Let us treat this cubic term perturbatively by expanding the exponent:

N * * t
o Ea b O DO =455 [ P ) + 1))
—~ Jo
J

2
S5 ] ] ) Pl a ) s e () ) Py ) ) )y ) -
(163)

Now let us recall that when we discussed non-equal time correlation functions we realized that

.0 * .0
77;(7') = *va 77]'(7) = Zaa;(T)

with the interpretation of derivatives as a response. Thus the expression for the expectation value

including the first quantum correction reads:

(&, af, b)) ;z//daoda{;Wo(ao,aS)

t 3
(1 iy 2 [O‘? (7) 8(1;’(7)8&?(7)8&;(7) - ] ) fwlodi), &(@).5). - (164)

The interpretation of this expression is very straightforward. The first quantum correction to TWA

represents a third order response of our observable to an infinitesimal jump in the classical field
during the evolution a(7) — «a(7) + da, a*(7) = a*(7) + da*. This jump can occur at any time
during the evolution and at any space location and we need to sum over these jumps. Further
corrections appear as multiple quantum jumps. It is clear that each quantum correction carries
extra factor of 1/N? (h? in the coordinate momentum representation) thus we have a well defined
expansion parameter.

It is interesting to note that this nonlinear response can be expressed through stochastic quan-

tum jumps with non-positive probability distribution:
(©a, ot 1) ~ / / devgdadWo(ao, af)

[1—322 [ s (a5 r0F (65 6) - 03 (6,6 (o (1), (1), 1),

daj(Tn)=¢; VAT

(165)

Here we discretized time and introduced stochastic variable §;. At time 7, we randomly choose ¢;

according to the (quasi)probability distribution F'(£, {%st) and shift the classical fields a;: and o by
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the amounts da; = ¢ VAt and da; = f;"\?’/E (e.g. oz; = a;j + 0a;). This procedure is very similar
to the mapping of ordinary Fokker-Planck equation describing diffusion to the Langevin dynamics
with two important differences: (i) In the Langevin dynamics the jumps are proportional to VAT
while here to m . (ii) In Langevin dynamics the function F' can be chosen as a Gaussian with
the second moment given by the diffusion constant. Here the (quasi)probability distribution can
not be chosen as a positive function. Indeed in order for Eq. (165) to be equivalent to (164) we need

to ensure that the first two moments of {; and £ vanish and the third moment gives non-vanishing

contribution
[ [ dsdg ggre.6) =2 (166)
One can see this equivalence by expanding 2y in terms of da (for simplicity we suppress spatial
indexes):
0Qw 0w
/ * _ E3 *
QW(a (t)va (t)vt) - QW(a(t%a (t)7t) + BT da + 90 da
2 <35aaaa5a * Fsaravar 00 T 2 G505 0200 )
- 4———ba" 4———-—(0a" ——(6a* oo (1
+ S (8(504)36& + 86@*(5&)26a (dar)” + 6(6&*)2604(5@ )*0a + a(505*)3(5(1 ) ) + (167)

Now if we use that oo = £v/A7 and integrate over ¢ we see that the first two terms in the expansion
vanish because F' is chosen such that £ has vanishing first and second moments and the requirement
(166) gives non-zero third order response, which is precisely equivalent to Eq. (164). All higher
order derivative terms clearly vanish in the limit A7 — 0. Let us give an example of such a

function, which all the requirements:

F(&,8) =€ (117 —2) e 1P, (168)
Thus we get equivalent representation of the quantum corrections either in the form of the nonlinear
response or in the form of stochastic quantum jumps. Note that because these jumps have non-
positive probability distribution full simulation of stochastic dynamics results in a severe sign
problem. However, if one is interested in leading order quantum corrections one needs to take into

account only a few jumps and the sign problem is not very severe. But at the moment there are

no known optimization schemes to simulate the dynamics even with few jumps.
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